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SINGULAR LIMIT OF SOLUTIONS OF
u, = Aum - A ■ V(u"/q) AS?-»oo

KIN MING HUI

Abstract. We will show that the solutions of ut = Aum - A • V(m* /q) in

Rn x (0, T), T > 0, m > 1 , u{x, 0) = f(x) € L\R") n L°°(Rn) converge

weakly in (L°°(G))* for any compact subset G of R" x (0, T) as q —» oo to

the solution of the porous medium equation v¡ = Avm in R" x (0, T) with

n(x, 0) = g{x) where £ 6 Ll(R"), 0 < g < 1 , satisfies g-(x) + (£(*))*, =

/(x) in 3¡'(Rn) for some function g(x) E Ll(R"), g(x) > 0 such that

g{x) = f(x), g(x) = 0 whenever g{x) < 1 a.e. x e R" . The convergence is

uniform on compact subsets of R" x (0, T) if f e Cq{R") .

In this paper we will study the asymptotic behaviour of nonnegative solutions

u = «(<?) of the equation

f    ut=Aum-A.V(u«/q),        (x,t)eRnx(0,T),

{    u(x,0) = f(x)>0, feLl(R")nL°°(Rn),

where 0 ^ A = (ax, a2, ... , an) e R" is a constant vector, T > 0, m >

1, as q —» oo. Recently there is a lot of research on the above equation

([A],[DiK],[Gl],[G2]) The equation arises in many physical applications such as
the flow of water through a homogeneous isotropic rigid porous medium [Gl].
When A = 0, the above equation reduces to the well-known porous medium

equation ([Ar],[P]). In the paper [CF], Caffarelli and A. Friedman studied the
asymptotic behaviour of solutions of (0.1) when ¿1 = 0 and showed that the

solutions of (0.1) converge as m —> oo if / satisfies (0.1) and the following

conditions:

fe C1 in supp/,

/(0)>1,    fi < 0 in R"\{0}nsuppf,

fxo <0inRn\Bx(0)n supp /      Vx0 G Beo(0)

for some eo > 0 where rXo = \x - xo\, Br(0) = {x : |x| < r} and f, is the

radial derivative of / with center at Xo .
This result has been extended in various directions by P. Bénilan, L. Boccardo

and M. Herrero [BBH], P. E. Sacks [S2] in the case A = 0, X. Xu [X] in the
case of hyperbolic equations and K. M. Hui [Hl], [H2] in the case of a porous

Received by the editors April 4, 1994 and, in revised form, July 19, 1994.

1991 Mathematics Subject Classification. Primary 35B40; Secondary 35K15, 35K55, 35K65.
Key words and phrases. Asymptotic behaviour, porous medium equation with convection term,

existence, uniqueness, nonnegative solutions.

©1995 American Mathematical Society

0002-9947/95 $1.00+ $.25 per page

1687



1688 K. M. HUI

medium equation with absorption and in the case of the generalized p-Laplacian

equation.

For simplicity we will assume that T — 1 and A = (1,0, ... ,0) throughout

the rest of the paper. We will show that as q —> oo, the convection term in (0.1 )

disappears. More precisely, we will show that for fixed m > 1 the solutions

u = m(9) of (0.1) converge weakly in (L°°(G))* for any compact subset G of

Rn x (0, 1) as q —» oo. Moreover the limit m(oo) = lim^oo m(?) satisfies the

porous medium equation

(0.2)
\v(-,

= Avm,       (x, t)eR" x(0, 1),

t)\g    ast^0in3r'(Rn),

where g e Ll(R"), 0 < g < 1, satisfies

(0.3) g(x) + (g(x))x¡ a f(x) in 3f\R*)

for some function g(x) > 0, g(x) e Ll(Rn) and g(x) = f(x), g(x) = 0

whenever g(x) < 1 a.e. x e Rn . This extends the recent results obtained by

M. Escobedo and E. Zuazua [EZ], who showed that the convection term was

negligible compared with the other terms appearing in (0.1 ) for the case m — 1
and q > I + l/n as r —>■ oo . Although we were not able to prove it, we suspect

that the same result should remain valid when A = A(x) e L°°(Rn).

We will first start with some definitions. For any open set Qo c R", he
C(R), we say that u is a solution (respectively subsolution, supersolution) of

(0.4) ut = Aum - (h(u))Xl

in Qo x (0, 1) if u is continuous and nonnegative in Qo x (0, 1), w £

L°°([0, l);L1(no))nL00(n0x(0, 1)) and satisfies

(0.5)   H [ \umAn+u^-+h(u)nx]dxdt = H [   um^-Tdods+ Í undx
A,  Jai dt J Jxx  Jan     ÖISI Ja T,

(respectively >, < ) for all bounded open sets £2 c Qo with dÇl e C2,

0 < ti < T2 < 1, ne C°°(Q x [t. , t2]) , n = 0 on dQ x [tx , z2] where d/dN
is the exterior normal derivative on 9ÎÎ and da is the surface measure on

dii.
If u is a solution of (0.4) in Qo x (0> 1), we say that u has initial trace or

initial value dp if

lim j u(x, t)n(x)dx = Í ndp   Vn e C^Qo).

We let p G C0x(Rn), p > 0, J p = 1 and for any g we define

ge = g*Pe(x)=    Pe(x-y)g(y)dy,    e>0,

where pe(y) = p(y/e)/e" . For any r > 0, x0 G R", let 5r(x0) = {x e Rn :

\x - Xo| < r} . For any set A c Rn , we let Xa be the characteristic function of

the set A. We will also assume m > 1, q > m+l, and let u^ be the solution

of (0.1 ) for the rest of the paper.
The plan of the paper is as follows.   In section 1 we will state and prove

the existence of solutions of (0.1). We will also prove a comparison theorem
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for solutions of (0.1) and obtain some bounds on w(?) by constructing explicit

supersolutions to (0.1). In section 2 we will first prove a comparison lemma

for solutions of (0.3). We then prove the main theorem under the assumption

/ G C¿(Rn) (Theorem 2.9). Finally we will prove the main theorem (Theorem

2.10) by an approximation argument.

1

We first state and prove an uniqueness theorem for solutions of (0.1).

Theorem 1.1. // u{q), u2q) e L°°([0, 1); Lx(Rn)) n L°°(Rn x (0, 1)) n

C(Rn x(0, 1)) are the solutions of

(1.1) u, = Aum - (W/q)Xl

in R" x (0, 1) with initial values fx and f2 e Ll(R") nLoc(Rn) respectively,

/i, fi > 0, then there exists a constant C > 0 such that

(i) / (u[g) - u2q))+(x, t)dx < ect ! (/, - f2)+(x)dx,
Jr" Jr"

(ii) /  I«!«* - uf\(x, t)dx < ect [  |/, - f2\(x)dx
JR" JR"

for all 0 < t < 1. Hence u(q^ < u^2    if fx < f2. In particular the solution of

(1.1) in Rnx(0, 1) with initial value in Ll(R")f\L°°(Rn) is unique in the class
L°°([0, l);L1(Rn))nL°°(Rnx(0, l))nC(Rnx(0, 1)).

Proof. The proof of the theorem is similar to the proof of Theorem 2.3 of [A].

By subtracting the equation for wi9) and u2^, we get

/     (uiq) - u2q))(x, t)n(x, t)dx = [     (fx- f2)(x)n(x, 0)dx
Jbr(0) Jbr(0)

(1.2) +//     (u{q)-u2q))(nt + AAn + BnXl)dxdr
J0   JBR(0)

-if      (u^-uf^dadr
JO  JdBR(0) ör*

for all 0 < t < 1,  ne C°°(B^(U) x [0, t]), R > 0, such that n = 0 on
dBR(0)x[0,t] where

r u[q)m-u2q)m   f    (q) , (q)
-is-fr     for m,   # u\"',

A=l     u{q)-uiq) l      ^

[mu[q)m-1 for u[q) = u(q),

1    ux     -u2 {q)       (q)

B=\  Q     u^-uf '   #   2   '

,ufq-1 for «<«> = «<«>.

Since u(xq), u2q) e L°°(Rn x (0, 1)), there exists a constant C. > 0 such that

i  (i)n m  (^)n ^ r1
\UX    \\L°°(R"), 11^2   \\L°°(R") S <-i

52/2^ < J-C2q-m-1, B/A < -C\-m.=>
2m   > '    '    - m
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By an argument similar to section 4 of [A], there exists smooth functions A, jR

and Bjr and constant c, > 0 such that c, < AitR < mC™~x + 1, 0 < BiR <

Cf-' + 'l, BlR/2Ai,R<(C2q-m-l/2m)+l = C2iBi,R/Ai>R<(Cq-m/m)+l =

C3, {AiiR - A)/A]/2R -> 0 and BiiR - B -» 0 in L2(BR(0) x (0, 1)) as i -» oo

for all i > 0.
For any i?o > 2, Ä > i?0 + 1, A > C2, 6 e C¡?(BRo(0)), 0 < 9 < 1, let

f7()K be the solution of

ns + AiíRAn + Bi,RriXí - An = 0       for(x,s) eBR(0)x(0, t),

n(x,s) = 0 for(x,s)edBR(0)x(0,t],

rj(x,t) = 6(x) forxeBR(0).

Since 0 < 6 < 1, by the maximum principle 0 < n,• > R < 1. By Lemma 4.1 of
[A], we have

/  /      Ai,R(Ani,R)2dxdT + 2(k-C2) [   f      \Vni>R\2dxdr
JO   JBR(0) JO   JB»(0)

< [    \ve\2dx.
Jbr(0)

,j ^ JO   JBR(0) JO  JBR(0)

BR(0)

By the same argument as the proof of Theorem 2.1 (ii) of [PV], we see that for

any ß > 0, the function

?2 \ß

,(x,s) = e*.)(i±i)

where h(s) = C'(t - s), C = 4ß(ß + l)(mCxm~x + l) + ß(Cq~l + 1), satisfies

(gs + AitRAg + BiiRgXl -Xg<0, for (x, s) e BR(0) x (0, t),

\g(x,s) > ni>R(x, s),      for (x, s) e BR(0) x {t}UdBR(0) x (0, t].

Hence by the maximum principle [LSU], g > n¡tR in BR(0) x (0, t). We next

consider the function

g*(x, s) = aehls)T{\x\),    R-a<r<R,0<s<t,

where a = 1/2(C3 + n - I), T(r) = (R-r)- C3(R - r)2 and

a = (l+R2)e/{r(R-a)(l+(R-a)2)(>}.

Then g* > 0, g; = h'(s)g* < 0 and

Ag* + (Bi,R/AitR)gXi

< aeh^(r"(r) + ^-r'(r) + C3\V(r)\)

< aeh{-s)(-2C} + ^-(-1 + 2C3(R - r)) + C3(l + 2C3(R - r))\

< aC3eh(s\-l + 2(C3 + n- l)(R - r))

<0

for all R - a < r < R, 0 < s < t since R - a > R0 > 2. Hence g* satisfies

g* + Ai,RAg* + Bi,Rg*Xi - kg* < 0,      for (x, s) e BR(0) \ BR_a(0) x(0,t)
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with g*(x, s) > tii,R(x, s) for all

(x, s) e BR(0) \ BR^a(0) x {t} U (dBR(0) U dBR_a(0)) x (0, t].

By the maximum principle, 0 < n¡,R < g* in BR(0) \ BR-a(0) x (0, t). Since

g* = nitR = 0 on dBR(0)x[0,t],'

(1.4)       \\dni,R/dN\\Loo{OBll(o)x(0it)) < \\dg*/dN\\Loo(gBmx(0,t)) < CR-2?.

Putting n = t)i r in (1.2), we get by (1.3) and (1.4),

(1.5)

/     (u{q) - u{q))(x, t)6(x)dx
JBi "'IBR{0)

= I     (/. - h)(x)m,R(x, 0)dx + f f     (u[q) - u{q))[(A - Ai,R)Ani,R
JBR(0) JO   JBR(0)>BR(0) JO   JBR(0)

+ (B-Bi,R)(ni,R)Xi +Xt]i,R]dxdx

-if  (u(r-ufm)d-^dod.
JO  JdBR(0) öyV

< / (/i -/2)+cix + 2C1||(^,Ä-^)/^||L2(BÄ(o)x(o,o)l|VÖ||L2(BÄ(0))
Jr"

+ (2CX/(2(X - C2))'/2)||5/;Ä - ¿?||l2(Bä(o>x(o,o)IIV0|Ilwo))

+ X f f (u{q) - uf)+dxdz + CR"-'-2h
Jo Jr"

for all 6 e C0°°(BRo(0)), 0 < 0 < 1, 0 < í < 1. Choose now ß = n/2 and let
first /' —» oo and then R -» oo , X —» C2 in (1.5), we get

/ (u(q) - u(q))(x, t)6(x)dx < f (fx - f2)+dx + C2 [  f (u[q) - u2q))+dxdx
JR" Jr" Jo Jr"

for all 6 e C$°(BRo(0)) ,0<6<l,R0>2. Putting 6 = X{uy>u^}nBRo_m*Pe

into the above inequality and letting first e —» 0 and then i?o —► oo, we get

/ (u{q)-u2q))+(x,t)dx
Jr"

< [ (fi- fi)+dx + C2 [  [ (u{q) - u2q))+dxdT   V0 < t < 1.
Jr« Jo Jr"

(i) then follows from the Gronwall's inequality. Similarly,

/ {uf - u2q))-(x, t)dx < ec* [ (/, - f2)-dx   V0 < / < 1.
Jr" Jr"

By combining the above inequality with (i), we get (ii).

Corollary 1.2. If u^ is a subsolution and w2?) is a supersolution of (I.I) in Q-

Dx(0, 1) where D = (-oo, R0] x R"-* for some R0 e R (or D = [R0, Rx] x

R"-[ for some R0, Rx eR, R0 < Rx) with u\q), u(q) e L°°([0, l);Ll(D)) n

L°°(jD x (0, 1)) n C(D x (0, 1)) with initial values u(q)(x, 0), u{2q)(x,0) and
boundary values satisfying

u{xq)(x, t) < u2q)(x, t)   V(x ,t)edpQ
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where dpQ = {R0} xRn~l x (0, l)U(-oo, R0] xR"-1 x {0} (respectively dpQ =

{Ro,Ri}*Rn-1 x(0, l)U[i0)Äi]xi?'1-1 x{0}), then

u(q)(x, t) < uf(x, t)   V(x, t) e Q

Proof. The proof is the same as the proof of Theorem 1.1.

Theorem 1.3. The equation

,ut = Aum-(uq/q)Xx,u>0,     (x,t)eRnx(0, 1),

w(x,0) = /(x)>0, feLl(R")nL°°(Rn),

e   L°°([0, 1);    Ll(R")) n L°°(Rn x (0, 1)) n

(1.6)

has a unique solution   uW
C(R" x(0, 1)) with

(1.7) (i) Í uiq\x, t)dx = Í fdx   V0<i<l,

(1.8) (Ü) \\uiq)\\L°°(R"x(0,l))<\\f\\L°° (R^-

Proof. The proof is similar to that of [ERV] and [DK]. Let  y/ e C0X(R"),
0 < w < 1, be such that y/(x) = 1 for all |x| < 1/2 and y/ = 0 for all |x| > 1.
For any e>0, 0 <e < 1, i? > 0, let fe,R(x) - f* pe(x) • ip(x/R) + e and let
ae(s), be(s) e CCC(R) be such that a'e(s), b'E(s) > 0,

{ m{\\fU~m + 2)m~l    for s > Wfh-iR") + 2,

fore<s< ||/|U~(Jl.) + 1,

for 5 < e/2,

ae(s) = < ms

{ m(e/2)m-1

((\\f\\L~(R") + 2)q-1

be(s)

for í >

nî-l

Lo°(R») + 2,

L°°(R") + I ,for e < s <

I (e/2)«-1 for s < e/2.

By standard parabolic theory [LSU], there exists a unique solution u(q\ to the

equation

{ut — div(ae(u)Vu) - be(u)uXl,       for (x, r) G BR(0) x (0, 1),

u(x,t) = e for(x,t)edBR(0)x(0,l),

u(x,0) = fe,R{x), forxeBR(0).

Since e < fe,R< \\f\\L°°{R") + e > by the maximum principle,

(1.10) * < «Si <
M Aq)m-\ M)

L°°(R"

(9)9-1

+ £.

Hence ae(wqR) = mwq'R ~ , be(u(q,R) = u\qR . Since (1.3) is a nondegenerate

parabolic equation, by Schauder's estimate [LSU], u(q)R e C°°(BR(0) x[0, 1)).

Thus u(q\ satisfies (1.1) in BR(0) x (0, 1). Since u(q\ is uniformly bounded

by ||/]|z.°°(ü») + 1, by the result of P. Sacks [SI], {u^R}R>0 has a convergent

subsequent {u{q\)JLX, Rj —> co as j -> 0, such that {u^R }^, converges

uniformly on compact subsets of R" x (0, 1 ). Let wq' = lim/_

uf] eC(Rn x(0, 1)) and

(1.11) e<wi?)<||/lkoc(Än) + e.

S, • Th™
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Putting u = u^R. in (1.1) and letting j -* 0, we see that î4?) satisfies (1.1)

in Rn x (0, 1) with u(q)(x, 0) = f*pe(x) + e. Thus u{q) e C°°(Rn x (0, 1))

by (1.11) and Schauder's estimates. Since ||z4<7)IIl°°(.r''x(o,i)) < ||/||l°°(/j») + «>

by [SI], {u^}e>o has a convergent subsequent {i¿ef}~, ,«,•-> 0 as ¡' -> 0,

such that {uef}~,  converges uniformly on compact subsets of jR" x (0, 1).

Let k<«) = lim^oo «if). Then «(«) G C(J?" x (0, 1)).

Putting u — wif in (1.1) and letting i —> 0, we see that w(?) satisfies (1.1)

in R" x (0, 1 ). Moreover,

(1.12)

/   ue)RÁx't)rl{x)dx-      f,Rjndx
\JR« ' JR"

= \ (u(q)R)t(x,x)n(x)dxdT
\J0  JR"

ndxdr

M)i
i7,(«A"+¥"-)^t

< (ll/k-m + lHMIm*.)» + (II/IIl"'J'+ '''ll^lU,,«.,'

for all )/ 6 C0°°(i{"). Letting first j -» 0 and then e = e, -► 0, ? -♦ 0, we get

lim/ w^(x,0>/(.x)¿x= / fndx   VneC^(Rn).

Hence u^ has initial trace / and ||m(9)||l=o(ä»x(o,i)) < II/IIl00^") by (1.11).

On the other hand, since uEq^ satisfies (l.l)in A"x(0, 1),

/      u<f)(x,t)n(x,t)dx= (f * pE(x) + e)n(x, 0)dx
Jbr(0) Jbr(0)

/   /       ue9)(r¡t + AeAr¡ + Berix¡)dxdT
Jo Jbr{0)

fl    "■JO   JdBR(0)

(1.13)

>BR(0)

+
>BR(0)

" '    ''')mmd'"h

for all 0 < t < 1,  ne C°°(BR(0) x [0, t]),  R > 0 such that n = 0 on

dBR(0) x[0,t] where Ae = u{q)m~l, Be = uiq)q~l/q .

For any R0 > 2, R > R0 + 1, 6 e C0°°(BRo(0)), 0 < 6 < 1, 6 s 1 for
\x\ < Ro - I, let ne,R be the solution of

ns + AeAn + BEnXx = 0      for (x, s) e BR(0) x(0,t),

n(x,s) = 0 for(x,s)edBR(0)x(0,t],

n(x, t) = d(x) for x G BR(0).

By an argument similar to the proof of Theorem 1.1, we have 0 < ne, R < I,
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where h{s) = C'(t-s), C = 4n(n + l)(b™-1+ l)+n(bq~x+ 1), bx = \\f\\L«,m +
1, and

\\dl*,R/dN\\LaolaBK(OMo,t)) < CR-2n

for some constant C > 0 depending only on Ro and bx . Putting n = ne<R

into (1.13), we get

(1.14) /     u(q)6(x)dx < f fdx + C'RoR-"-1 + bCr,
Jbr(0) J

for some constant CRo, C'R > 0 depending only on R0 and bx. Letting

R —> oo, e = e¡ —► 0,

/ u(q)(x,t)dx< [ u{q)(x,t)d(x)dx< [fdx
J\x\<R0-\ Jr- J

for all 0 < t < 1. Letting R0 -* oo,

(1.15) /  u{q)(x,t)dx< f fdx   V0<î<1.
Jr" J

Hence u^ eL°°([0, 1); Li(Rn))nL°°(Rnx(0, l))nC(Rnx(0, 1)) and satisfies

(1.8). It remains to show (1.7). Since

(1.15)=*      /   /  u{q)(x,z)dxdt< [ fdx
Jo Jr" Jr"

=*•      /   / u{q)(x, x)dxdx -> 0    as R -» oo,
./O   Jr/2<\x\<R

putting n(x) = <p(x/R), R > 0, in (1.12), we have

1/ u{q\(x,t)y/(x/R)dx- f f,tRj{x)yr{x/R)dx
\Jr"    ' ' Jr«

< (ll/lk°°(^+ir"1||A^|^(^) /' / ¿£%(x, r)dxdr
K Jo  Jr/2<\x\<R '

+-T5-Wxi\\l°°(R")      / u R\x,x)axax.
QK Jo  Jr/2<\x\<R '

By letting first j —> oo and then e = e, —> 0, R -* oo, in the above inequality,

we get (1.7). Since uniqueness of solution of (1.6) follows from Theorem 1.1.

This completes the proof of the theorem.

Theorem 1.4. Let w(,9), u2q), fx, f2 be as in Theorem 1.1. Then

f  \u(q) - u{q)\(x, t)dx < f  \fx- f2\dx   VO < t < 1.
Jr« Jr«

Proof. By Theorem 1.1 and the proof of Theorem 1.3, there exist solutions

u(q)e, 49)e e C°°(R" x (0, 1)) n L°°(R" x (0, I)), 0 < e < 1, of (1.6) with

initial values u\^\(x, 0) = fx * pE + e,  u2\(x, 0) - f2 * pE + e respectively

such that u[q\ and u2\ converges uniformly to u(q) and u2q) respectively on

compact subsets of R" x (0, 1) as e —► 0.
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By a proof similar to the proof of ( 1.14), we have

/     ("i9)e - u(2q)E)(x, t)6(x)dx < Í (/, * pE - h * />£)+¿x + C^Ä-1-" + eCÄ0
Jbr{0)     ' ' Jr«

for all 0 G C0°°(5ÄO(0)), i?0>2, i?>i?0+I, 0<i<l where CRo and

C'Rq > 0 are constants depending only on R0, ||Mi9)||l«>(r») and Hm^'IIl^îR") •

Letting R -* oo, e -+ 0, we get

/ (u[q) - u{q))(x, t)6(x)dx < f (fx-f2)+dx
JR" JR"

for all 6 e C$°(BRo(0)), R0 > 2, 0 < t < 1. Putting 6 = X{u^)>uf} * P* and

letting first e —» 0 and then Rq —► oo ,

/ (uf - u2q))+(x, t)dx < f (fx- f2)+dx   VO < t < 1.
./«" Jr«

Similarly,

/ (u(q) - uf)-(x, t)dx < I (fx- f2)-dx   VO < t < 1.
»/a" Jr«

Combining the above two inequalities the theorem follows.

Lemma 1.5. If f e CQl(Rn) and fE-f + e,  0<e<l, then (1.1) has a

unique solution u(Eq) e C°°(Rn x (0, I)) n Cl(Rn x [0, 1)) in R" x (0, 1) with

uE(x, 0) = fe(x) such that uE    converges uniformly on compact subsets of

R" x (0, 1) to the solution «<«> of (1.6) with u^(x, 0) = f(x) as e -> 0.
Moreover

\\ue,xk\\L°°(R«) < IIAtllz.00^")     V/C = 1 , 2, ... , «.

Proof. By Theorem 1.4 and an argument similar to the proof of Theorem 1.3,

for any 0 < e < 1 there exists a unique solution i49) G C°°(Rn x (0, 1)) n

C1^" x[0, 1)) to (1.1) in Rn x(0, 1) with u{q)(x, 0) =/(x) + e and

(1.16) e<»^<||/Hi»(*.)-+e

such that uE converges uniformly on compact subsets of R" x (0, I ) to the

solution «<«> of (1.6) with u^(x, 0) = f(x) as e -» 0.

Since i49) G C°°(i?" x (0, 1)) n C^iî" x [0, 1)), differentiating (1.1) with

respect to x^ and writing z = u^q/Xk, we get

Í zt = A(mt4?)m- ' z) + (M<?)i- ' z)Xl,        (x,t)eR"x(0,l),

\z(x,0) = /^(x),        xeR",

for all k = 1,2, ... , n . Since the above equation is nondegenerate by (1.16),

by the maximum principle,

llzIU°°(j?") < ll/JcJU^A»)   V/c = 1, 2, ... , n
and the lemma follows.

Lemma 1.6. Let 0 < f < M with supp/ c BRi(0) for some Rx > 0. Then
there exists R' > 0 depending only on m, Rx, M and is independent of q >

m + 1 such that

u{q)(x ,t) = 0   Vx = (xi, ... , x„) e R", x, < -R', 0 < t < 1, q > m + 1,
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and
1/9-1

for all x-(xx, ... , xn) e Rn , xx> -R', 0<t <l, q > m + l.

Proof. Let

(2\ l/"1-!

a2 -Cx{-%-.—r )   1 ,      xi G R, t > 0,
\(t + to)1/m+l J j ~

be the Barenblatt solution for the porous medium equation wt = (wm)x¡X] ([B],

[HP]) where Cx = & (^ , ,0 = min (i, (_^i^)(m+1,/2) and

a = (Cx(2Rx/tl0/m+1)2 + (MtlQ/m+l)m~l)l/2-

Then to is a supersolution of (1.1) in (-oo, 0] x /?"_1 x (0, 1) with

u{q)(x + Xo) = f(x + xo)<M< w(xx, 0)

for all x = (xi, ... , x„) g R" , xx<0 where x0 = (Rx, 0, ... ,0) and

v (I + i0)I/m+1

/        / n 2\ 1/m-1

>—[—    C  Í 2Rl
-21/-+1   |Cl^l/m+l^

- 2i/m+i y,

4R2CX \1/m_1

,4CxR2/(2i/m+iM)m-i)

= M > w(x0, t)

for all 0 < t < 1 by (1.8). Hence by applying the maximum principle (Corollary

1.2) to the functions w(9)(-l-xo, •) and w in the region (-oo, 0]xi?"_1x(0, 1),
we get

M(9)(x + x0, t) <w(xx, t)   Vx = (xi, ... ,x„) eR", xx <0, 0< t < I.

Now for each 0 < t < 1, supp w(xx , t) c BRl(0) where

R> = -^r2(t + to)i/m+i<-%2   (-Äasay).
C, c,

Hence

uiq)(x + x0,t)< w(xx ,i) = 0   Vx = (xx, ... , x„) G R" ,

xi < -R2, 0< t< 1,

=> u{q)(x ,0 = 0   Vx = (xi, ... , x„) G Rn , xi < -R', 0 < t < 1,

q > m + 1,

(1.17)

where JR' = max(i?2 -Ri,0)>0.
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We next observe that

»,   ,,  / x,+i?'+i y/«-1

W{Xl't)={t + (l/M^)) '     «>m+l>

is a supersolution of (1.1) in [-i?', iR3] x R"-1 x (0, oo) with

' m^(x , 0) < M < w(xx ,0)     for x = (xi, ... , x„) e R" , -R' <xx <R3,

u{q)(x ,t)<M< w(xx ,t)     for x = (xx, ... , x„) e R" ,

Xi = -R' or xx - R3, 0 < t < l,

for ail R3 > max(2Af«-' -R' + 1,0) by (1.17). Hence by applying Corollary
1.2 to the function u^ and w in the region [-R', i?3] x R"~l x(0, 1), we get

u{q)(x, t) < w(xx, t)

for all x = (xi, ... , x„) G [-R', R}] x R"~l, 0 < t < I, q > m + l, Ä3>

max(2Mq~l - R' + 1, 0). By letting R3 -» oo, the lemma follows.

Lemma 1.7. Suppose f is as in Lemma 1.6. Let Q c R" be a bounded open
set with dQ G C2 and r\ e C°°(Rn x (0, 1)). Then

j(q)q
ndxdt -* 0    as q —► oof1 Í —

A,   Ja    «

for any 0 < rx < x2 < 1.

Proof. By Lemma 1.6, there exists a constant R' > 0 such that

u{q)(x, t) < f\xi\ + R' + l\ Vx = (Xi , ... , X„) G /?" , 0 < Í < 1 ,

q > m+ 1

and by Theorem 1.3 ||w^^||z,°° < II/Hl°° for all q > m + 1. Hence

fTl f u^q      _,    ,       f* f u(qîq-2u^2      .   .
/     / -• ndxdt -I     /  -• ndxdt

Jx,  Ja   Q Jxt  Ja        Q

s.fn2   r f ir\xi\ + R' + iy-2,q-1, ,,

WU-ll/llí~|Q| (R" + R' + ^ 9"2/?_1(R" + R' + lY
(t2-„t,)-0

Q

as q —* oo where R" = sup{|xi | : x = (xi, ... , x„) G Q} < oo.

Lemma 1.8. Let f e C0(Rn) and let p{q)(x,t) = ¡¿"^qx'T)dr. Then

{P^}q>m+i is uniformly bounded on compact subsets of R" x [0, 1). For any

sequence {p(9,)}^., <7, -► oo as i —> oo, of {p(q)}q>m+i, there exists a sub-

sequence {p(?';)}~[ of {/>(?/)}-2. , a sequence of functions {Pj}JLx c L^(Rn),

g G Lj^c(Ä'1), Pj ,g >0, and a sequence {£/}~. C R, «/ -* 0 as j ^ oo, such

that

(1.18)
Í P(?;)(- » e7) -» />,(•)    weakly in (L°°(K))* as i - oo,    V; = 1, 2, ... ,

1 />;(•) -» *(■) wgaWy Ml (L°°(* ))* as j - oo

yôr any compact subset K c R" .
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Proof. By Theorem 1.3, ||m(,)||l°o(/{») < \\f\\L°°(R«) for all q > m + 1 and by
Lemma 1.6 there exists R' > 0 such that

0 < ëq\x, t) < (\xi\ + R' + l\ Vx = (xi,x2,...,xn)eRn,

0<t< 1, q > m+l.

Hence

f' M(9)9-2M(9)2
0<p(q)(x,t)= /-—dx

Jo        Q

< ll/llí~(n.)   /" /^il + ̂ +lV"27'"1^

<i^-||/IIÍ-(jii)(l*il + ií' + l)f-Vf-1íI/f-1

<M/lli«(ü»)(l^l+Ä' + i)
for all x = (xi, x2, ... , x„) e R" , 0 < t < 1, q > m + 1. Thus {p{q)}q>m+x
is uniformly bounded on compact subsets of Rn x [0, 1 ). So any sequence

{^(?/)}^i of {p{q)}q>m+x will have a subsequence {p(*',)}gi such that

{p(9i,,)(.) l/2)}~, converges weakly in (L°°(K))* for any compact subset K c

Let />-(•) = limj-oop^-')(•, 1/2). Then {p{qi-:)(-, 1/2)} has a subsequence

{p(q'^'](-, 1/2)} such that p^.*\x, 1/2) - />i(x) a.e. x e Rn as i-»oo.

Without loss of generality we may assume /7(9l/)(x, 1/2) —> px(x) a.e. x G R"

as / —» oo. We may also assume that qx < ft,i. Since {p(?1,)(-, l/3)}£2, is

uniformly bounded on compact subsets of Rn , {/?(«'.<)(•, l/3)}~, has a subse-

quence {p(92,H*> l/3)}g. converging weakly in (L°°(K))* for any compact set

K c R" . Let p2(») = lim/_,00/?{?2.f)(-, 1/3). We may assume without loss of

generality that /?(92i)(x, 1/3) —» p2(x) a.e. x G JR" as i —> oo and ft, i < ft, i .
Repeating the argument, for each j = 2, 3, ... , we can find a subsequence

{p(*.')(jc, 1/0 + l))}Si of ip^-«.*>(je, l/a+l))}£, with ft,, >ft-1,i and
a function pj e Lfâ.(Rn) such that p{q¡-i)(x, l/(j + 1)) -> pj(x) weakly in

(L°°(Ä'))* for every compact set K c Rn as / -* oo and p(«.')(jc, 1/C/ + 1)) -»

P/(x) a.e. x G iR" as i: -> oo .

Let $ = ft,/. Then for each 7 = 1,2,..., {piq'\-, l/(j + !))}£, is a sub-

sequence of {p(M(jc, l/(7'+l))}~i • Hence p{q'](x, 1/0'+1)) -<• Pj(x) weakly

in (L°°(A:))* for every compact set K c ÍR" as i -► oo and p{q'](x, 1/(7+1)) -+
P/(x) a.e. x G i?" as í —» oo. Thus {pj}jZx is also uniformly bounded on

every compact subset of R" . So there exists a subsequence {Pjk}%Lx of {p/}^.

and a function g G Lfâ.(R") such that p;t -» g weakly in (L°°(K))* for any
compact subset K c R", Letting e¿ = l/(jK + I), the lemma follows.

2

In this section we will first establish some technical lemmas and prove the

main theorem (Theorem 2.10) under the assumption that / G C¿(Rn) (The-

orem 2.9) The main theorem will then follow by an approximation argument.
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Theorem 2.1. Suppose f e Co(R"). For any sequence {M(?,)}?f,, #, —> oo as

i -* oo, of {u^}q>m+x, there exists a subsequence {u^}^ of {w^}^. and

a i/°°> g C(Rn x (0, 1)), 0 < u(°°) < 1, such that iflti -► u^ uniformly on
compact subsets Rx(0, I) as z —» oo. Moreover w(oo) satisfies (0.2) with initial

trace g e Ll(R"), 0 < g < 1, satisfying (0.3) for some function g e L^R"),

g>0.
Proof. The proof is a modification of the proof of Theorem 4 of [HI]. We first

observe that w(i) is uniformly bounded by ||/||l°° by Theorem 1.3 and there

exists R' > 0 such that

(2.1)
(W  I _i_ /?' _i_ 1 \ '/9_1

0<u{q)(x,t)< M^1'^-" +x j \/x = (xx, x') e Rn,

0<t<l,q>m + l,

by Lemma 1.6. If y(s) = sqlm/q , then y(u^m) = ^ and

y'(u^m(x, t)) = —(M(«»(x, t))q-m

< i nxx\ + R' + i\q-m/q-1

- m V f /

< lf\xi\+R' + l\    Vx = (xx,x')eRn,0<t<l,q>m+l,

by (2.1). Hence both u^m and y'(u^m) are uniformly bounded on compact

subsets of JR"x(0, 1) for q > m + l. By the result of P. Sacks [SI], {u{q)}g%m+x

is uniformly Holder continuous on every compact subset of R" x (0, 1 ). Hence

{ttto^oOj nas a convergent subsequence {w'^'}^, such that {u^}°Zx con-

verges uniformly on every compact subset of iR" x (0, 1 ). Without loss of gen-

erality we may assume that {V*'}^. converges uniformly on every compact

subset of R" x (0, 1). Let k<°°> = lin^oo «*•>. Then «(°°) G C(#" x (0, 1)).
Putting q = q¡ and letting i —> oo in (2.1), we get 0 < w(oo) < 1. Putting

h(u) = uq'/q¡, u = m(9,) in (0.5) and letting ¡-»oo we see that, by Lemma 1.6,

w(°°) satisfies

(2.2) H [\umAn + u^]dxdt= jP í   um^¡-dads+ [ undx *
Ju  Jal ot\ yTl  Jdíí     dN Ja Ti

for all bounded open sets Q c Rn with dQ.eC2, 0 < xx < x2 < I, ne
C°°(Q x [i-, t2]) , n = 0 on <9Q x [ti , t2] . Hence w(oo) is a solution of the

equation ut = Aum in Rn x (0, 1). Since H^00) 11^,=» < ||/||l°° , w(oo) has an

initial trace dp by [DK] and dp is absolutely continuous with respect to the

Lebesgue measure. Hence dp = g(x)dx for some function g > 0. Since
0 < u(oo) < 1 and

(2.3) limu(°°)(x,t) = g(x)   a.e.xeR"

by the result of [DFK], 0 < g < 1. Since

/ éq¡)(x, t)dx= i f(x)dx,    V0<?< 1, i= 1,2, ....
Jr« Jr"
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Letting i —► oo, we get by Fatou's lemma,

/ u{oo)(x,t)dx< [ f(x)dx,    V0<i<l.
Jr" Jr"

Letting t —► 0, we get by Fatou's lemma and (2.3),

/   g(x)dx < /   f(x)dx.
Jr" Jr"

Hence g e Ll(Rn). Let p(i) be as in Lemma 1.8 and Q be a bounded open

subset of R" with dO.eC2. Then by Lemma 1.8 there exists a constant Cx > 0

such that l|P(9)llLoo(nx[o n) - ^i *°r a^ Q > m + I and there exists a subse-

quence {p^}??, of {p^'}^) , a sequence of functions {Pj}f=x C ¡^.(R"),

g G L^C(R"), Pj:, g > 0, and a sequence {£j}JLx c R, e, —* 0 as j —► oo, such

that (1.18) holds. Hence for any 0 < x2 < 1, n e C¡f(R"),

r*2 M(9,')9,'

/    / tL-r1nx,dxdx - [ gnXi
Jo   Ja    Qi Ja

+

la Jtj      Q'i

I f ( F dqM(x,x); \     . , ,        f  _      ,
/        /       -^--</T    ̂ ,(x)i/x-   /     tflfc.rfx
•/nvo <7, / Jr"

nXldxdx

^ Il foi Hi

+

«(«/')«/
dxdx

+

/ p^ÍJce^i/^Wrfx- / Pj(x)nXl(x)dx
Ja Ja

/ P;(x)!fc. (■*)</■*-  /  S(*)»fci(*)¿

Letting first i —► oo and then 7 —► 00, we get by Lemma 1.7 and Lemma 1.8,

'  r*2   r «(i/)«/
limsup  /    / ^—j^-n^dxdx- / i^rfx

/-►oo    7o   Ja    Hi Ja
0

(2.4)
F2 f u(q¡>q¡ í

=►     lim /     / —j-nX]dxdx= \ gnx¡dx.
•^°°Jo   J«    Qi Ja

Putting h(u) — uq'¡ /q¡, u — u^ , in (0.5) and letting xx -> 0, we have

F2 í   , >■, F2 r «(«i)«/
/    /   u^mAndxdx+ /     /   ^-^nx¡dxdx
Jo   Jr« Jo   Jr«    Qí

= f u^\x,x2)n(x)dx- ¡ fndx
Jr« Jr«

for all n e C0x(Rn), 0 < x2 < 1. Letting i -► 00, we get by (2.4) and Lebesgue

dominated convergence theorem,

f2 [ u{oo)mAndxdx + f gnXldxdx = /  w(oo>(x, x2)n(x)dx - f fndx
Jo    JR" Jr" J R" Jr"

for all n e C0x(Rn). Letting t2 -» 0,

JgnXidx = J gndx - J fndx   ^neC0x(Rn)

^g + gXl=f    in 3¡'(Rn).
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This completes the proof of Theorem 2.1.

We will now let

S(g) = {x0 G Rn : lim —^ /       \g(x) - g(x0)\dx = o} ,
I h^O \Bn(V)\ JBh(x0) >

l7(M(°°) ,g) = (xeRn:lim u^ (x, t) = g(x) \ .

Lemma 2.2. Let f, m<°°' , u^, g be as in Theorem 2.1 and let S* = S(g) n

G(u{oo), g) n {g < 1}. If x0 e S* is such that g(x0) < 6 < I, then for any
6X e (8, 1) and ô > 0, there exists q0 > m + I, e0 > 0, 0 < e0 < 1/2, such
that

inf    u{q'](x ,t)<6x   V0<t<e0,q'i> ft.
\x—xo\<S

Proof. The proof is similar to the proof of Theorem 3.3 of [CF]. Suppose the

lemma is not true. Then there exists dx e (6, 1), ô > 0, and {e,}^,, 0 <

e, < 1/2, /=1,2,..., e; —> 0 as i —> oo and a subsequence {uW*}^ of

{«(«/)}£, suchthat

inf    u{q')(x,ei)>ex.
\x-xo\<S

Let uW> be the solution of (1.1) in 7R"x(0, 1) with initial value m(í-")(x,0) =
6iXbs(x0) where Xb¡{x0) is the characteristic function of the set B¿(xq) . By

Theorem 1.1,

üiq,'">(x, t) < u{q'\x, t + e¡)   VxeRn,0<t<l/2

=*» i i &«''"> (x, t)n(x, t)dxdt < lJu{9'i">(x, t + et)ti(x, t)dxdt

(2.5) = ÍÍ u(qï\x, t)n(x, t - e¡)dxdt

for all ne C0X(R" x (0, 1/2)) and e, sufficiently small. By Theorem 2.1,

{y(9,")}?°] has a convergent subsequence converging uniformly on compact sub-

sets of R" x (0, 1). Without loss of generality, we may assume that {m^}^.

converges uniformly on compact subsets of JR" x (0, 1 ). Let t?°°)

= lim/^ooM^'"'. Since 0 < «'«>"' < 8X < 1, letting i-toc in (2.5), we get

by Lebesgue dominated convergence theorem

ff ü{oo)(x,t)n(x, t)dxdt < (( u{oo)(x, t)n(x,t)dxdt

Vr¡eC§°(Rnx (0,1/2))

=> w(oo)(*, 0 < w(oo)(* .0   Vx G Rn, 0 < t < 1/2

since w(oo), îï(oo) G C(i?" x (0, 1/2))

=> /  M(oo)(x,r),7(x)¿x< /  u(co)(x,t)n(x)dx       yneC0x(Rn)
Jr" Jr«

=> í 8xXBi{X0)(x)dx < í g(x)n(x)dx       ast^O   Vf? G CS°(R")
Jr« Jr«

^6<ex< g(x0)

since xo G S(g). Thus contradiction arise and the lemma follows.
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Lemma 2.3. Suppose f e C¿(Rn). Let i/°°>, u{q''], g be as in Theorem 2.1

and let S* be as in Lemma 2.2. If xo e S* is such that g(xo) < 0 < 1, then

for any 8X e (6, I), there exists ft > m + 1, eo G (0, 1/2) depending only on

6, 0i and \\fXlc\\L°°(Rn), k = 1,2, ... , n, such that

u{ql>\x ,t)<6x   Vx G Bs(x0) ,0<t<e0,q'i>qo,

where S = (0. - 0)/4(v/«max1</t<„ ||/^||i,<x>(Ä„) + 1).

Proof. The proof is similar to the proof of Theorem 2.4 of [H2]. Let

5 = (0, - 0)/4(v^ max \\fXk\\L~m + I).
\<k<n

Then by Lemma 2.2, there exists qo> m+l, Co > 0, 0 < eo < 1/2, such that

inf    u<««')(jt, 0 < ^4^   W<t<eo,q'i> ft-
\x-x0\<S 2

1 ^

-j-uE   (sx + (1 - s)xt, t)ds

Hence for each q\ > ft and 0 < t < eo, there exists an xt e Bs(xo) such that

u{q¡)(xt,t)<^^-   V0<i<e0.

For any 0 < e < 1, let fe = f + e and let Ug be the solution of (1.1) in

R" x (0, 1) with u[q\x, 0) — fE(x) given by Lemma 1.5. Then by Lemma 1.5,

\u{q¡)(x,t)-uEq¡)(xt,t)\

Jo  ds'

< Í \VuEq'](sx + (l-s)xt,t)-(x-x,)\ds
Jo

< yfñ max ||/*J|L°c(Än)|x -x,|
\<k<n

< 2ôjn~ max \\fXk\\L~m < (8X - 0)/2
i<fc<»i

=»> u(Eq'i](x, t) < u(q'i](xt, 0 + (0i - 0)/2 < (0! + d)/2 + (0! - 0)/2 < 0,

for all x G B¿(x0), 0 < t < e0, q¡ > ft • Since u[q¡) -^ u^ uniformly on

compact subsets of R" x (0, 1) as e —> 0 by Lemma 1.5, letting £->0we get

u(ql'\x ,t)<6x    Vx G Bs(xo) ,0<t<e0,q'i>qo.

Lemma 2.4. Suppose f e C0l(Rn). Let g, g be as in Theorem 2.1  and let S*
be as in Lemma 2.2. Then

(g(x) = f(x),

I g(x) = 0

for all x G S* n S(g).

Proof. Let w(oo), u^ be as in Theorem 2.1. By Theorem 2.1 we may assume

without loss of generality that m(s,) converges uniformly to m(oo) on compact

subsets of R" x (0, 1) as /' —> oo. We also let p(?,), p^ , p¡, e, be as in

Lemma 1.8. Suppose xo G S* n S(g). Then there exists 6, dx > 0 such that
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g(x0) < 0 < 0i < 1 . By Lemma 2.3, there exists q0 > m+ I, ô > 0, £o > 0,

0 <e0 < 1/2 such that

u(q>](x ,t)<6x   Vx G Bs(xo) ,0<t<e0,q'i>qo-

Hence

/ u^(x,t)n(x)dx- f f(x)n(x)d.
Jr" Jr"

f'     f ,   M U(q'i)q'i
/   /  [u^mAn + ^-^nXl]dxdx

Jo   JR" H¡

< 0?\\àn\\o(*)t + -h-\\nxi\\v{x>)t   H>9o,0<t<eo,ne C0x(Bs(xo))."i

Letting ¡; —> oo ,

/ u{oo)(x,t)n(x)dx- í f(x)r¡(x)dx
I Jr" Jr«

eq¡
< 0?\m\v(*)t +-zrWVxiWvmt   Vq'i>4o,0<t<eo,ne C0x>(Bs(xo))."i

Letting t -» 0,

/ gndx= í fndx   VneC0x(Bs(xo))^g(xo) = f(x0)
Jr« Jr«

since xo G S(g). Similarly

/      p{q''](x,ej)dx
Jbx(xc)

r*> M(9,')9,' g«//•           F> U{q')qi 0,'
= /        /    ——dxdx < -±-\Bs(xo)\ej -* 0 as / -» 0   V; = 1, 2,

•/«¿(¿o) ̂o      4, Qi

l       pj(x)dx = 0 by Fatou's lemma since p¡ > 0
Jb¡(x0)

/       g(x)dx — 0 by Fatou's lemma since g > 0
JbAx«\

'Bi(x0)

'Bâ(x0)

^g = 0onBâ(x0)

=> g{xo) = 0 since x0 G S (g).

Lemma 2.5. Suppose f e C¿(R") and let g, g be as in Theorem 2.1.  Then

there exists r' > 0 such that

,- ,v / g(x) = f(x),

(2'6) U(x) = 0

o.e. xeR"\Br,(0)

Proof. Let w(oo), m(9¿' be as in Theorem 2.1, S* be as in Lemma 2.2 and let

Si = S(g) n S(g) n G(M<°°>, g). S2 = S(g) n G(u^ , g). For any 0 < 0 < 1,
r > 0, let ¿9>r = {x G Rn\Br(0) : g(x) > 0} . We now fix 0 , 0, G (0, 1) such
that 0 < 0i. Choose a constant 0' > 0 such that 0 < 0' < 6X and let

¿ = min((0' - 0)/4(0z max HAJl-í*-) + 1), 1).
Kk<n
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Since geLl(Rn),

/      gdx
J\x\>r

0 as r -> 0.
I\x\>r

Thus there exists ro > 0 such that

/       gdx < U\Ba(0)\
J\x\>r0 ¿

(2-7) =* 0Me,J < ¿6\BS{0)\

=► \Ae,rQ\ < \\BS(Q)\.

Let r' = r0 + 1. Since \Rn \ Sx\ =0 by the result of [DFK] and Chapter 1
of [S], (2.6) holds for a.e. x e Ace r, by Lemma 2.4. Hence in order to prove

the lemma, it suffices to show that (2.6) holds for a.e. x 6 Ag>ri f)S\. Let

y0eAe,r,nSx. If \Bs(yo)nAcgr,\ = 0, then

g(z) > 0 a.e. z G Bô(y0) => \Ae,rQ\ > \Bô(y0)\

since Bs(y0) C R"\Bro(0). This contradicts (2.7). Thus \Bs(yo)nAce r,\¿0.

Since \(Bs(y0) n A<e>r,) \ (Bâ(y0) n A%r, n S2)\ = 0, Bs(y0) n A%r, nS2 / 0

and there exists Xo G Bs(yo) n Ace r, n S2 c S*. By Lemma 2.3, there exists

ft > m + 1 and eo > 0, 0 < eo < 1/2, such that

u{q'-](x,t)<6'   Vx G Bs(x0), 0 < t < e0, q\ > ft.

Letting 1 —> 00,

u{oo)(x ,t)<6'   Vx G Bg(xo) ,0<t<e0

=> / u{oo)(x,t)n(x)dx<6' f  ndx   "in e C0(Bs(x0))
Jr« Jr«

=► /  gndx < 0' [  ndx   Vf? G C0(Bä(x0))        as í -» 0
.//?" Ja"

=* sfro) < 0' < 1
since yo e S(g) n Bs(xo) ■ Henee yo G S* n 5(g). Thus (2.6) holds for x = yo
by Lemma 2.4 and the lemma follows.

Corollary 2.6. Suppose f e C¿(R") and g is as in Theorem 2.1.   Then g e
L\Rn).

Proof. The lemma follows directly from Lemma 2.5 and the fact that g e

Lemma 2.7. For any 0 < fx, f2, gx, g2, gx, g2 e Ll(Rn), 0 < gx, g2 < 1, gx,

g2>0,if

(2.8) gi + (gi)Xl = ft        in 3f'(R")

and

(2.9) gi(x) = fi(x), gi(x) = 0        whenever g¡(x) < 1 a.e. x e R"

for /=1,2, then

[ [     \gi-g2\(xi,x')dx'dxx<2R'\\fx-f2\\LHRn)   V*'>0.
^|jc,|</î' Jr«-'



1705SINGULAR LIMIT OF SOLUTIONS OF u, = Aum - A • V(««/9) AS q -» oo

Proof. We will use a modification of an argument of [SX]. By (2.8),

(gi-g2) + (gi-g2)Xl=fi-f2        in&'(R")

(2jo) * I ¿(gl ~ 82)t} ~ & ~ 8Ù*xx\dx

= I {fx-hWx   VneC?(Rn).
Jr"

Putting n(x) = pe(Ç - x) in (2.10), we get

(2.11)
(gi,e - ft.«)«,«;) = C/i.« - /2,«)(« - Ui,< - Al,«)«!)   vi = (Í1 ,..., &) 6 Rn.

For any /c = 1, 2, ... , we let pt(») G C0°°(7R),  0 < pk < 1, be such that

Pk(x) = I for x > I/A;, Pjt(x) = 0 for x < I/2k and ||pfc>JC||z,°o < 5k. Then
for all zi, yx e R,

/       (Il.e - ft.eX*! » x')pk(gi,e - g2,e)(Zi , x')dx'
JR«-¡

- /    (£ri,e-&,«)(yi,.*0/>*(£i,«-&,«)(yi.*0<**'
JR«-\

9xi
(^l,£-^2,£)(^l,^')Ä(S'l,e-o'2,e)(Xi,x')

-/   /JR«-Ijy
dxidx'

+ (gl,c - g2,e)Pk(gl,e - g2,e)-Q^-(gl,e ~ g2,e) dxxdx'

(2.12) *»   /       (ft,«~ ft.eX^l, *>*(&,«-ft,e)(Zl»*V*'
Ja»-'

+  / /     (gl,s-g2,e)(Xl,x')Pk(gx,e-g2,e)(Xl,x')dxXdx'
JR"-1 Jy¡

=   /       (gl.e - g2,e)(yi , X')pk(gi,e - g2,e)(yi , x')dx'
Jr"->

+  / /     (fl,e-f2,s)(Xl,x')Pk(gX,e-g2,e)(Xl,x')dxxdx'
Jr"-\ Jyi

+  / /     (gl,e-g2,£)p'k(gl,e-g2,e)
jR"-< Jy¡

• [(fl,e - h,t) - (ft,* - ft,e)](*l , X')dxxdx'

by (2.11). Since g¡, &eLl{R»),

/    \gl,e-g2,e\-\Pk(gl,e-g2,s)\dx< (gx + g2)dX < 00.
Jr« Jr«

Hence there exists a sequence {y\}fLx c R, y\ *-* -oo as j —► oo such that

/       (gl,e-g2,e)(yX,x')Pk(gl,e-g2,e)(yX,x')dx' ^0 as 7'^ OO .
Jr«-'
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Putting Vi = y{ in (2.12) and letting 7 —► oo, we get

/       (ft ,e - g2,e)(Z\ , x')Pk(g¡,e ~ g2,e)(Zl , x')dx'
JR«-\

+  / /      (gl,e~ g2,e)(Xl,x')pk(gl,e-g2,e)(Xl,x')dXidx'
JR"-' J-00

=   1 Í      (gl,e-g2,e)P'k(gl,e-g2,C)
Jr«-\ J-00

• i(fl ,e - f2,e) - (ft ,e ~ g2,e)](Xi , x')dxxdx'

(2.13) +/      /    (fi,£-f2,e)(xi,x')pk(gi>E-g2,E)(xx,x')dxxdx'.
Jr«-' J-00

Since gx, g2eLl(Rn),

/     /       (gl,n-g2,e)(Zl,x')Pk(gi>e-g2,e)(zl,x')dx'
Jr \Jr«-'

- i    (gi-g2)(zi,xf)pk(gi-g2)(zx,x')dx'
Jr"-'

< i    \(gl,e - g2,e) - (gl - g2)\Pk(gl,e - g2,t)dx
Jr"

+  /   (ft - ft) • \Pk(gl,e - g2,e)-Pk(gl - gl)\dx
Jr"

< \g\,e~gl\dx+ |ft,£-ft|^
Jr" Jr"

+  /   (gl +h) -\Pk(gl,e ~g2,e) ~ Pk(g\ ~h)\dx
Jr«

dzi

0        as e -► 0

by the Lebesgue dominated convergence theorem and Theorem 2 in Chapter 3

of [S]. Hence there exists a sequence {&j)f=x c R, e¡¡ -* 0 as 7 —> 00, such

that

/       (ft,e, - ft,«,)(*! , X')pk(gx,ej - g2,ej)(Zl , x')dx'
Jr«-'

— /     (ft - ft)(*i » x')pk(gi - ft)(zi, x')dx'
Jr«-'
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a.e.  zi g R as j —► oo . On the other hand,

/       /    (ft,í-ft.e)P¿(ft.í-ft,*)
|7j?n-i 7-00

• [(ft ,£ - ft,£) - (fl,e - /2,£)](*1 , X')dxxdx'

-  I (gi- ftK(ft - ft)[(ft - ft) - (fi - f2)](xx, x')dxxdx'
Jr«-' J-oo

<   /    |(ft,i-ft,i)Pifc(ft,e-ft,«)ll(ft,e-ft,e)-(ft-ft)l^
Jr«

+  /    |(ft,i-ft,«)Pit(ft,e-ft.e)ll(/l,e-/2,e)-(/l-/2)|^
Jr«

/    Kft ,e - g2,e)p'k(gl ,£ ~ ft,£) - (gl - ftK(ft ~ ft)llft ~ ftl^*
Jr"

[   \(gl,e-g2,e)Pk(gl,e-g2,t)-(gl - gl)Pk{g\ - ft)l|/l ~/2k**
Jr"

5  /    (|ft,£-ftl + |ft,£-ft| + |/l,£-/l| + |/2,£-/2|)^
Jr«

/   |(ft,6-ft,£)PÍ(ft,£-ft,£)-(ft -ft)p*(ft -ft)l
Jr«

+

+

<

•(ft +g2 + fl+f2)dx

-»0       as e -» 0

by the Lebesgue dominated convergence theorem since the integrand of the last

integral above is bounded by 5(gx + g2 + fi + f2) e Ll(R") and tends to 0 as

k —► oo . Similarly

/       /    (g\,£~ g2,e)(xi,x')pk(gx<E-g2,e)(xx,x')dxxdx'
JR"-' J-oo

— /      /    (ft - g2)(xi, x')pk(gi - g2)(xi, x')dxidx'       ase->0
JR"-' J-oo

and

/ /      (fl,e-f2,e)(Xl,x')Pk(gl,e-g2,e)(Xl,x')dXidx'
JR"-' J-oo

-> /    (fi-f2)(x\,x')pk(gi-g2)(xi,x')dxxdx'       ase^O.
JR.'-' J-oo
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Putting e = Bj in (2.13) and letting 7 —» oo , we get

(2.14)

/     (ft - ft)(zi, x')pk(gx - h)(zi, x')dx'
Jr."-'

+ /      /    (ft-ft)(*i,*')Pt(ft - ft)(xi, x')í/xiíix'
JR«-' J-00

= I       I    (gi- ftK(ft - ft)[(/i - fi) - (ft - ft)](*i, x')dxxdx'
Jr«-' J-00

+ /      /    (fi - f2)(xi, x')pk(gi -g2)(xi,x')dxidx'
Jr«-' J-00

< h + /  (/1 - /2)+tix        a.e. zx e R
Jr«

Since p'k(s) = 0 for 5 < 1/2/c or s>l/k, Ix is bounded by

/   Kft - h)(x)\ ||p¿IU°° • (ft + ft + /1 + f2)(x) • XAk(xi, x')dx
Jr«

< i   -r-5k-(gx+g2 + fx+ f2)(x) ■ XAk(x)dx
Jr« k

< 5 /   (ft + ft + /1 + /2)(x) • XAk(x)dx
Jr"

-^0        as k —» 00

by the Lebesgue dominated convergence theorem since gx , g2 , fx, f2 e Ll(Rn)

and

(ft + ft + /1 + f2)(x)XAk(x) -► 0   as k -► 00 a.e. x G R"

where 4 = {* € Ä" : l/2fc < (gx - g2)(x) < l/k}. Hence by letting k —> 00
in (2.14), we get

/     (ft - ft)+(*i, x')(zx, x')dx'
Jr"-'

+ /       /    (ft - ft)(^i, ^')sign+(ft - g2)(xi, x')dxidx'
Jr«-' J-00

< i (fi-f2)+dx
Jr«

a.e. zxeR. Since (gx - g2)(x)sign+(gx(x) - g2(x)) > 0 a.e. x G Rn by (2.9),

/     (ft - ft)+(*i, x')(zx, x')dx' < f (fx- f2)+dx    a.e. zx e R
Jr«-' Jr«

=► / /     (ft - h)+(xi, x')dx'dxi < 2R! [ (fx - f2)+dx   VR' > 0.
J\x,\<R' JR"-' JR"

Similarly

/ /     (ft - ft)-(*i, x')dx'dxx < 2R' f (fx - f2)-dx   VR' > 0.
J\xi\<R' JR"-' JR"

IS

/ /     \gi-g2\(xi,x')(xx,x')dx'dxx<2R' [  \fx-f2\dx   W?'>0.
J\x,\<R' JR"-' JR"

Thus

/'l*i I
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Corollary 2.8. Let 0 < / G Ll(Rn). Then there exists at most one function g,

g eLl(Rn), 0 < g < 1, and one function g e Ll(Rn), g>0 satisfying

(2.15)
g + (g)Xl=f       in9l'(Rn),

f(x), g(x) = 0       whenever g(x) < 1 a.e. x e Rn.
¡g + (g).
uw =

As a consequence of Theorem 2.1, Lemmas 2.4, 2.5, Corollary 2.8 and the
uniqueness theorem (Theorem 6.13) of [DK], we have

Theorem 2.9. Suppose f e C¿(R"). Then there exists a unique function m(oo) g

C(Rn x (0, 1)), 0 < w(°°) < 1, such that w<«> converges uniformly to «(°°> on

compact subsets of Rn x (0, 1) as q —► oo. Moreover m(oo) satisfies (0.2) with

initial value g e Ll(Rn), 0 < g < 1, ||g||z,i(jR-.) < ||/||l'(*») , satisfying (2.15)

and (2.6) for some function g e Ll(Rn), g >0.

We are now ready to state and prove the main theorem.

Theorem 2.10. For any m > 1 fixed, there exists a unique function w(oo) G
C(Rn x (0, 1)), 0 < m<°°) < 1 such that uiq) converges weakly to m(oo) in

(L°°(G))* for any compact subset G of R" x (0, 1) as q —> oo. Moreover

m(°°) satisfies (0.2) with initial value g e Ll(Rn), 0<g<l, satisfying (2.15)
for some function g e L/0C(Ä"), g > 0. The convergence is uniform on every
compact subsets of Rn x (0,1) if f e C0(R") .

Proof. Since / G L°°(Rn) n Ll(Rn), we can choose a sequence {fj}Jix C

C¿(R") suchthat ||J)||l=o(/1.)<||/||l«.(j1.) + 1, UjWl'ír-) <\\fh'{R") + i for all
7 = 1,2,... and ||/7- - /||Li(^) ->0as;'-»oo.

For all 7 = 1, 2, ... , let uf be the solution of (1.1) in R" x (0, 1) with

initial value uj\x, 0) = f(x). By Theorem 2.9, for each 7 = 1,2,..., there

exists an unique function Uj such that wq' converges uniformly on compact

subsets of R" x (0, 1) to Uj as q -> oo. Moreover Uj satisfies (0.2) with

initial value g¡ e Ll(Rn), 0 < g¡ < 1, satisfying

[  gj< f fj < I fdx+l,
Jr" Jr« Jr«

' gj + (ft)*, - /    in 2!'(Rn) for some g¡ e Ü (Rn), gj>0,

, gj(x) = f(x), gj(x) - 0    whenever ft(x) < 1 a.e. x e Rn

for all 7 = 1, 2, ... . Since ||«(?)||L°°(if.») < ||/||l~(ä») , any sequence {«(?,)}^i,

q¡: -* oo as i —> oo, of {u^}q>x has a subsequence {«(9,)}^i such that

{^(9,0100^ converges weakly in (L°°(C?))* for any compact subset G of R" x

(0, I) as /-»oo. Let «(°°' = lim,_>00 u^ . Without loss of generality we may

assume that u^9'\x, t) —» u°°(x, t) a.e. (x, t) e Rn x (0, 1) as ¡-»oo. By

Theorem 1.4,

/  \uf - «<«<'>|(jc, t)dx < f \fj - f\(x)dx   Vi, ; = 1, 2,...
Jr" Jr«

+ i* Í  \u{?i] - u{q¡)\(x, t)dxdt
Jt¡  Jr«

< (T2 - Tl)  /    \fj - f\(x)dx     VO < Ti  < T2 <  1 .
Jr«

(2.16)
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Letting i —> oo, we get by Fatou's lemma,

/ 2 /  |m>oo) - w(oo)|(x, t)dxdt <(x2-xx) f  \fj - f\(x)dx — 0 as j — oo
Jt,  Jr« Jr«

for all 0 < xx < x2 < 1.

Hence m(°°> is the limit of the functions {w^}^, in L/^" x (0, 1)) as

7 -> oo. Thus w(oo) is unique and w(e) converges weakly to w(oo) in (L°°(C7))*

for any compact subset G of R" x (0, 1) as # —► oo. This together with

Theorem 2.1 implies that w(9) converges uniformly to w(oo) on every compact

subsets of Rn x (0, 1) as q -* oo if / G C0(Ä").

Moreover {«j00'}^ has a subsequence converging a.e.  (x, t) e R" x (0, 1)

to m(°°) . Without loss of generality we may assume that u^°°\x, t) —* w(oo)(x, t)

a.e. (x,t)eRnx(0, 1) as 7 -» 00.

On the other hand since Uj     satisfies (0.2) and

\uf(x, 0| < ||JSIU«(ä-) < II/Hl~(*») + 1   V(x, 0 G R" x (0, I),

(2.17) ¿,7 = 1,2,...,

=> I|m1oo)IIl"c(h.x(0,i)) < II/IIl-(ä-) + 1   V7 = l, 2,....

as q —» 00 by Theorem 1.3, by the result of [SI] {w'00'}^! has a subsequence

{"j^litii converging uniformly on compact subsets of R" x (0, 1). Hence we

may assume without loss of generality that {u^}^ converges uniformly on

compact subsets of Rn x (0, 1) to w(°°>. Thus h*00) g C(iî" x (0, 1)).

Putting h(u) = 0, u = My°o) in (0.5) and letting 7 —> 00, we see that m(oo)

satisfies (0.2). By (2.17) and the result of [DK], u(o°) has an initial trace dp

and dp is absolutely continuous with respect to the Lebesgue measure. Hence
dp = g(x)dx for some g > 0, ge Ll(Rn). By (2.16) and Lemma 2.7,

/ /     ||/ - ft'|(*i, x')dx'dxx < 2R'\\fj - fj'Wvm - 0
J\x,\<R' JR"-'

as j,f ^00   VH'>0.

Hence {ft}^. is a Cauchy sequence in L110C(Ä") and there exists g e L^R")

such that gj —» g in L^R") as 7 -> 00. Without loss of generality we may

assume that ft(x) -» g(x) a.e.   x G i?" . By the proof of Theorem 2.1, Uj

satisfies, for all neC^(R"), 0 < x2 < 1,

T / u{™)mAndxdx+ f gjnXldx= f u{~\x, t)n(x)dx - f fndx
Jo   Jr" Jr« Jr« Jr«

=»■ f' í u(co)mAndxdx+ i gnXxdx
Jo   Jr" Jr"

= /   w(oo)(x, t)n(x)dx - /   fndx    as 7 —» 00
Jr« Jr«

=>■ /   gnXldx = /   g(x)n(x)dx - /   /rçrfx    as t2 -> 0
7/Ji 7/?" ./.Rn

=** + &, =/    in3"(/r).
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Thus

\¡{g-gj)ndx\ = \j (g - gj)nXldx + I(f - fj)ndx

< \\*lxt \\l°°(r«) / i      \g~ gj\{x\, x')dx'dxx
J\x¡\<R' JR«-'

>(r«) /   \f-fj\dx
Jr«

'M:

+ 11

0

as 7' -> oo for all n e CQx(Rn) such that supp rj c BR-(0) for some R1 > 0.

Hence gj converges weakly to g in 3>'(Rn) as 7" —► oo. We may assume

without loss of generality that ft(x) -+ g(x) and ft(x) —> g(x) a.e. x e Rn .

Let

E = {x G R" : gj(x) -* g(x) and g¡ -► g(x) as 7: ̂  00},

E0 = En{g<l}n(J\(S(gJ)nS(gj)nG(u{°°),gj))y

For any x0 e E0, since ft(x0) -» g(xo) as 7 ->• 00, there exists 70 G Z+ such

that gj(xo) < 1 V7 > 7o. So gj(x0) = /(x0) and gj(x0) = 0 for all 7 > 70 by
Lemma 2.4. Letting 7 —» 00, we have g(xo) = f(xo) and ^(xo) = 0. Since

\{g < 1}\E0\ = 0, g(x0) = f(xo) and g(x0) = 0 a.e. x0 G {g < 1} and the
theorem follows.
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