TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 5, May 1995

SINGULAR LIMIT OF SOLUTIONS OF
uy=Aum—-A-Vv(ui/q) AS g — o©

KIN MING HUI

ABSTRACT. We will show that the solutions of u; = Au™ — 4+ V(u4/q) in
R*"x(0,T), T>0, m>1, u(x,0)= f(x) € L'(R*") N L>(R") converge
weakly in (L°°(G))* for any compact subset G of R" x (0, T) as ¢ — oo to
the solution of the porous medium equation v; = Av™ in R" x (0, T) with
v(x, 0) = g(x) where g € LI(R"), 0 < g < 1, satisfies g(x) + (8(x))x, =
f(x) in @'(R") for some function g(x) € L'(R"), g(x) > 0 such that
g(x) = f(x), g(x) =0 whenever g(x) <1 a.e. x € R". The convergence is
uniform on compact subsets of R” x (0, T) if f € Co(R").

In this paper we will study the asymptotic behaviour of nonnegative solutions
u = u9 of the equation

0.1) u=Au"-4-vui/q), (x,)eR"x(0,T),
' u(x, 0) = f(x) 20, feL'(R")NL>(R"),

where 0 # A = (a1, a3, ...,a,) € R" is a constant vector, 7 > 0, m >
1, as ¢ — oo. Recently there is a lot of research on the above equation
([A],[DiK],[G11,[G2]) The equation arises in many physical applications such as
the flow of water through a homogeneous isotropic rigid porous medium [G1].
When A4 = 0, the above equation reduces to the well-known porous medium
equation ([Ar],[P]). In the paper [CF], Caffarelli and A. Friedman studied the
asymptotic behaviour of solutions of (0.1) when 4 = 0 and showed that the
solutions of (0.1) converge as m — oo if f satisfies (0.1) and the following
conditions:

feC'insupp f,
fO)>1, f,<0inR"\{0}Nnsupp f,
fr, £0in R"\ B;(0)nsupp f  Vx € B, (0)

for some ¢y > 0 where rx, = |x — xo|, B,(0) = {x:|x| < r} and f,x0 is the
radial derivative of f with center at xg.

This result has been extended in various directions by P. Bénilan, L. Boccardo
and M. Herrero [BBH], P. E. Sacks [S2] in the case 4 = 0, X. Xu [X] in the
case of hyperbolic equations and K. M. Hui [H1], [H2] in the case of a porous
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medium equation with absorption and in the case of the generalized p-Laplacian
equation.

For simplicity we will assume that 7=1 and 4 = (1, 0, ..., 0) throughout
the rest of the paper. We will show that as ¢ — oo, the convection term in (0.1)
disappears. More precisely, we will show that for fixed m > 1 the solutions
u = u9 of (0.1) converge weakly in (L*°(G))* for any compact subset G of
R" x (0,1) as g — oo. Moreover the limit u(>) = lim,_,, 4@ satisfies the
porous medium equation

{v,:Av”‘, (x,t) € R"x(0,1),
v(-,1)\ g ast—0in Q'(R"),

where g € L'(R"), 0< g < 1, satisfies
(0.3) g(x) + (8(x))x, = f(x) in Z'(R")

for some function g(x) > 0, g(x) € L'(R") and g(x) = f(x), &(x) =0
whenever g(x) < 1 a.e. x € R". This extends the recent results obtained by
M. Escobedo and E. Zuazua [EZ], who showed that the convection term was
negligible compared with the other terms appearing in (0.1) for the case m = 1
and ¢ > 1+ 1/n as t — co. Although we were not able to prove it, we suspect
that the same result should remain valid when 4 = A(x) € L*(R").

We will first start with some definitions. For any open set Qo C R", h €
C(R), we say that u is a solution (respectively subsolution, supersolution) of

(0.4) Uy = Au™ — (h(u))x,

in Qg x (0, 1) if u is continuous and nonnegative in Qy x (0, 1), u €
L>([0, 1); L'(Q0)) N L>®(Q x (0, 1)) and satisfies

(0. 5)/ /[ '"An+u——+h(u)nx,]dxdt—/ /an um ”dads+/undx

(respectively >, < ) for all bounded open sets Q C Qp with 9Q € C2?,
0<11<12<1, ne€C®Qx[11,72]), =0 on 8Q x [1;, T2] where §/ON
is the exterior normal derivative on dQ and do is the surface measure on
Q.

If u is a solution of (0.4) in Qy x (0, 1), we say that u has initial trace or
initial value du if

giné/u(x, Hn(x)dx = /ﬂdﬂ v € C(Qo).

Welet pe CP(R"), p>0, [p=1 and for any g we define

(0.2)

T2

T

8 = & * Pe(X) = /pe(x -y)gy)dy, €>0,

where p.(y) = p(y/e)/e". Forany r > 0, xo € R", let B,(xo) = {x € R" :
|x — xo| < r}. For any set 4 C R", we let x4 be the characteristic function of
the set 4. We will also assume m > 1, ¢ > m+1, and let u@ be the solution
of (0.1) for the rest of the paper.

The plan of the paper is as follows. In section 1 we will state and prove
the existence of solutions of (0.1). We will also prove a comparison theorem
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for solutions of (0.1) and obtain some bounds on #(9) by constructing explicit
supersolutions to (0.1). In section 2 we will first prove a comparison lemma
for solutions of (0.3). We then prove the main theorem under the assumption
f € C}(R™) (Theorem 2.9). Finally we will prove the main theorem (Theorem
2.10) by an approximation argument.
1

We first state and prove an uniqueness theorem for solutions of (0.1).
Theorem 1.1. If u\?, 4 € L>([0,1); L'R")) n L®(R" x (0, 1)) N
C(R" x (0, 1)) are the solutions of
(L.1) U =Au" — (u?/q)x,
in R* x (0, 1) with initial values f; and f, € L'(R") N L®(R") respectively,
fi, f2 >0, then there exists a constant C > 0 such that

(i) / WD — u®), (x, H)dx < e / (i - A)e(x)dx,
R» Rn

(ii) / D — 4®|(x, 1)dx < e / fi - fl(x)dx
R Rn

forall 0<t< 1. Hence ul? < ug") if fi £ f2. In particular the solution of
(1.1) in R*x (0, 1) with initial value in L'(R")NL>®(R") is unique in the class
L>([0, 1); LY(R")) N L®(R" x (0, 1)) N C(R" x (0, 1)).

Proof. The proof of the theorem is similar to the proof of Theorem 2.3 of [A].
By subtracting the equation for u(l") and u(z") , we get

/ (w? ~u?)(x, Onix, Ddx = / (fi = A)(x, 0)dx
Br ©

Br

0
t
(1.2) + /0 /B (0)(u(1") — ) (n, + AAn + By, )dxdt
R

_/t/ (u(q)'”—u(")'")ﬂdadr
0 JoBe) 2 0N

forall 0 <t <1, n € C*(Bgr(0) x[0,¢t]), R > 0, such that » = 0 on
OBgr(0) x [0, t] where

u" — u" @) £ @

———<—  for u;" # u,"’,
A={ 0@ 7%

mu{ ™! for ul? = u{®

1 u(lq)q _ u(q)q
_) g S0 _,0
(9)

ul 9! for ul? = u.

for u(l") # u(z") ,

Since u(l") , u(z") € L*(R" x (0, 1)), there exists a constant C; > 0 such that
18P oo oy » 18Pl ooy < C

= BY24< 5-CH ") BlA < —CIT™
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By an argument similar to section 4 of [A], there exists smooth functions A4;, g
and B; rp and constant ¢; > 0 such that ¢; < 4; g < mC{"“ +1,0<B; r<
Ci7'+1, B? p/24; r < (CH™™'/2m)+1 = C3, B; r/Ai,r < (CI™™/m)+1 =
Cs, (Ai,r—A)/A4;"y =0 and B; g — B — 0 in L?*(Bg(0) x (0, 1)) as i — oo
forall R>0.
Forany Ry > 2, R>Ro+1, A>C,, 0 € C{°(Bg,(0)), 0<6 <1, let
ni,r be the solution of
Ns + Ai, RAN + B; rfx, —An =0 for (x, s) € Br(0) x (0, ?),
n(x,s)=0 for (x, s) € 3Br(0) x (0, ¢,
n(x, t) =6(x) for x € Br(0).
Since 0 < § <1, by the maximum principle 0 < n; g < 1. By Lemma 4.1 of
[A], we have

t t
/ A,',R(Aﬂ,',R)zdxdT-i-Z(l— Cz)/ / |Vﬂi,R|2dXdT
0 JBgr(0) 0 JBgr(0)

< / IVO|%dx.
Bgr(0)

By the same argument as the proof of Theorem 2.1 (ii) of [PV], we see that for
any S8 > 0, the function

(1.3)

1+R2\*
— ph(s) 0
glx,s)=e (1 +|x|2)
where h(s) = C'(t—s), C' =4B(B + 1)(mCM ' + 1) + B(CI™" + 1), satisfies
{gs + A; rRAg + B; rgx, —Ag <0, for (x, s) € Br(0) x (0, 1),
g(x,s)>ni r(x,s), for(x,s)e Bgr(0)x{t}UdBgr(0)x (0, ?].

Hence by the maximum principle [LSU], g > n; g in Bg(0) x (0, ¢). We next
consider the function

g*(x,s)=ae"®r(x), R-a<r<R,0<s<t,
where o =1/2(C3+n-1), I'(r)= (R-r) — C3(R—r)? and
a=(1+RY/{T(R-a)(1+(R-a))F).
Then g* >0, gF =h'(s)g* <0 and
Ag* + (Bi r/Ai,R)8Ex
< aeh® (F”(r) + ”—Z—h"(r) + C3|l"'(r)|)
n —
’

<aCe"9(—14+2(C3+n—1)(R-r))
<0

foral R—a<r<R,0<s<tsince R—a>Ry>2. Hence g* satisfies
8 + Ai rRAg" + B; rgy, —Ag" <0, for (x,s) € Br(0)\ Br-o(0) x (0, ?)

< ae"®) (—2C3 Pl (=1+2C3(R-1r)) + C3(1 + 2C3(R - r)))
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with g*(x, s) > n; r(x, s) for all
(x, s) € Br(0) \ Br—q(0) x {t} U (8Br(0) UdBr—_o(0)) x (0, £].

By the maximum principle, 0 < #; g < g* in Bg(0) \ Br-o(0) x (0, ). Since
g*=n;,r=0 on 0Br(0) %[0, ¢],

(1.4)  10ni,R/ON || L @Ba(0)x(0,1)) < 108" /ON| L (2Bx0)x(0,1) < CR™2E.

Putting # = n; g in (1.2), we get by (1.3) and (1.4),
(1.5)

A (0)(u§‘” —u)(x, H)8(x)dx
R

t
= A (0)(.fl - fﬁ)(x)ﬂi,R(X, O)dx +/0 /B (0)(u(lq) _ u(zq))[(A _ Ai,R)Aﬂj,R
R R
+ (B - Bi,R)(ni,R)xl +2.?],' R]dXdT

_/1/ (u(q) (q)m)a”i’RdO'dT
0 JoBx(o) “27 )N

< /Rn(fl — f2)+dx +2C||(4i,r — A)/Az!,/fz“LZ(BR.(O)x(O,t))"V0"L2(BR(O))
+(2C1/(2(A - C2))'?)||B; g - Bl L2Bx0)x(0,0) I VOl L2(BR(0))
+ l/ / W — ul?),dxdt + CR*'-%¢

for all 8 € C§°(Bg,(0)), 0<6<1, 0<t< 1. Choose now f=n/2 and let
first i —» oo and then R — o0, 4 — C; in (1.5), we get

/(u(") ) (x, t)0(x)dx</ (fi — f2)+dx+C2/ / @ — u), dxdt

forall 6 € CSO(BRO(O)) 0 < 6 < 1 Ro >2. Puttlng 0= 7{u(0)>u(0)}nBR0 1(0) *Pe
into the above inequality and letting first ¢ — 0 and then Ry — oo, we get

/ W — 4y, (x, )dx
t
< / (fi—fo)+dx + Cz/ / (u(l") - u(z"))+dxdt YO<t<.
R 0 Jrn

(i) then follows from the Gronwall’s inequality. Similarly,

/ (w? ~ ) (x, )dx < e / (fi - f)-dx WO<1<1.
Rn Rn
By combining the above inequality with (i), we get (ii).

Corollary 1.2. If u(l") is a subsolution and ug") is a supersolution of (1.1) in Q =
D x (0, 1) where D = (—oo, Rog] x R*~! for some Ry € R (or D =[Ry, R] x
R for some Ry, Ry € R, Ry < Ry) with u\?, u{ e L>([0, 1); LY(D)) n
L>°(D x (0, 1))NC(D x (0, 1)) with initial values u(q)(x 0), u(") (x,0) and
boundary values satisfying

u(x, 0 <uP(x,1) V(x,1)€8,0
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where 8,Q = {Ro} x R"~!x (0, 1)U(—00, Ro]x R"~! x {0} (respectively 0,Q =
{Ro, Ri} x R*!x (0, 1)U[Rqg, R;] x R"! x {0}), then
W, ) <uf(x, 1) V(x,0€Q
Proof. The proof is the same as the proof of Theorem 1.1.
Theorem 1.3. The equation
(L6) u=Au" - (u/q)x,,u>0, (x,t)eR"x(0,1),
‘ u(x, 0) = f(x) 20, feL'(R")NL>(R"),
has a unique solution u?) € L>([0,1); LY(R") N L*(R" x (0,1)) N
C(R" x (0, 1)) with
(1.7) Q) /u(")(x, f)dx = /fdx Vo<i<l,

(1.8) (ii) D] Lo (Rrx(0, 1)) < 1S llLoo R

Proof. The proof is similar to that of [ERV] and [DK]. Let v € C§°(R"),
0<y<1,besuchthat y(x)=1 forall |[x| <1/2 and y =0 forall |x|>1.
Forany ¢ >0, 0<ée<1, R>0,let f; r(x) = f*pe(x) - w(x/R)+¢ and let
as(s), be(s) € C*(R) be such that aj(s), bi(s) >0,

m(||fll Lo gy +2)™" for s > || fl|Loo(rn) + 2,

a(s) = { ms™! for e <5 < ||fllLoorny + 1,
m(e/2)™ ! fors <e/2,
(I llzoemmy +2)77" for s > || fllLeogn) + 2,
be(s) = 597! fore <s < || fllerm + 1,
(e/2)77! for s <¢/2.

By standard parabolic theory [LSU], there exists a unique solution u(q) to the
equation
ur = div(a,(u)Vu) — be(u)uy, , for (x, t) € Br(0) x (0, 1),
(1.9) { u(x,t)=¢e for (x, t) € 3Bgr(0) x (0, 1),
u(x, 0) = f; r(x), for x € Br(0).
Since & < f;, R < ||fllLoe(rn) + €, by the maximum principle,
(1.10) & < U <1 flzoo(rny + &
Hence ae(u R) = mue")}‘” ) (u(q) u(‘{)}g" . Since (1.3) is a nondegenerate
parabolic equatlon by Schauder s estimate [LSU], u,"”’, € C*(Br(0) x [0, 1)).
Thus ufz")R satisfies (1.1) in Bg(0) x (0, 1). Since u(") is uniformly bounded
by [|fllze(rm + 1, by the result of P. Sacks [S1], {u(") }r>0 has a convergent
subsequent {u(q) %1, Rj = 0o as j — 0, such that {u(") 9y 1 converges
uniformly on compact subsets of R" x (0, 1). Let u{® = lim;_o, u . Then
u? e C(R* x (0, 1)) and
(1.11) & <ul® <[ fllLsorn + &
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Putting u = u(") in (1.1) and letting j — 0, we see that u{? satisfies (1.1)
in R* x (0, 1) with uD(x,0) = f*p,,(x)+s Thus u? € C®(R" x (0, 1))
by (1.11) and Schauder’s estimates. Since ||u ||L°o Rrx(0,1) < 1 fllLeorm) + €,
by [S1], {ue")}e>o has a convergent subsequent {uf,‘,’)}, 1> & —»0a i—0,
such that {u(") fad) converges uniformly on compact subsets of R" x (0, 1).
Let 4@ = lim;_o, u{’ . Then 4@ € C(R" x (0, 1)).

Putting u = u{® in (1.1) and letting i — 0, we see that u(@ satisfies (1.1)
in R"x(0,1). Moreover,

| 4. omeerdx = [ femna]

= //(u(") )e(x, T)n(x)dxdt
ay =) s (ﬁ}’)x,]”d"d’

(q)

= // (g“’,’{;Ar]+ BR’n,q)dxdt

(I oo (rmy + 1)9
q

< (I Nlzoormy + 1) |AN]| L1(rryE + 177, | L1 (Rny 2

for all n € Cg°(R"). Letting first j — 0 and then e =¢; - 0, t — 0, we get
%1_{18 u@(x, tyn(x)dx = / fndx Vne C(R").

Hence u(? has initial trace f and ||tD||oorrx(0,1)) < IfllLeo(rm by (1.11).

On the other hand, since u? satisfies (1.1) in R" x (0, 1),

/ U (x, On(x, dx = / (f % Pe(x) + &)n(x, 0)dx
Bgr(0) Br(0)

t
(1.13) + / / D (g, + A,An + By, )dxdr
Bgr(0)

/ / a)m 67] dadt
9Bg(0)

forall 0 <t < 1, n € C°(Bgr(0) x[0,¢]), R > 0 such that n = 0 on
8Bg(0) x [0, £] where A, =uP™ ' B, =uP""/q.
Forany Ry > 2, R> Ro+1, 6 € C°(Bg,(0)), 0<6<1, 6§ =1 for

|x|] < Ro—1,let n, g be the solution of
Ns+ AeAn + Beny, =0 for (x, s) € Br(0) x (0, ?),
{n(x,s)=0 for (x, s) € 9Bgr(0) x (0, 1],
n(x,t) =0(x) for x € Br(0).
By an argument similar to the proof of Theorem 1.1, we have 0 <17, r <1,

2\n
Me,R(X, §) < e”‘”(ﬂ) VO<s<t,

1+ |x|? - =
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where h(s) = C'(t—s), C' = 4n(n+1) (b7 +1)+n(dI " +1), by = |fllogar +
1, and
107e, R/ON|| L= (0Br0)x (0, 1)) < CR™"

for some constant C > 0 depending only on Ry and b;. Putting n = 7, r
into (1.13), we get

(1.14) / uD0(x)dx < / fdx + Cp R™""! + &Cy,
Bg(0)

for some constant Cg,, Cp > O depending only on Ry and b;. Letting
R - , E=¢&; — 0 .

/ u@(x, t)dx 5/ u?(x, 1)8(x)dx < /fdx
1x|<Ro— R
forall 0 <t< 1. Letting Ry — oo,
(1.15) / u@(x, tydx < /fdx Yo<t<1.
Rn

Hence 4@ € L>([0, 1); L'(R"))NL>®(R"x(0, 1))NC(R"x(0, 1)) and satisfies
(1.8). It remains to show (1.7). Since

1
(1.15) = //u(")(x,‘t)dxdts fdx
0 JRn Re

1
= / / u9(x, 1)dxdt -0 asR — oo,
R/2<|x|<R

putting 7(x) = w(x/R), R> 0, in (1.12), we have

[ 40,5, owixsRIax - [ ﬁ,R,<x>w(x/R>dx|
R R

(||f||L°° gmy + 1)m1 !
< (R)2 “A'//"L‘”(R")/(; /R/2<I <r ug",)Rj(x, 1)dxdt
—x—
(f"L°°R" + 1)9-1 t
” (R "'/’x1||L°°(R")// (q) R, (X, D)dxdr.
q 0 JR/2<)x|<R

By letting first j — oo and then ¢ =¢; — 0, R — oo, in the above inequality,
we get (1.7). Since uniqueness of solution of (1.6) follows from Theorem 1.1.
This completes the proof of the theorem.

Theorem 1.4. Let 4\, u\”, fi, f, be as in Theorem 1.1. Then

/ 1 — 4| (x, t)dx 5/ fi—fildx YO<1<1.

Rn Rn

Proof. By Theorem 1.1 and the proof of Theorem 1.3, there exist solutions
ul?,, U, € C®(R" x (0, 1)) N L(R" x (0, 1)), 0 < & < 1, of (1.6) with
initial values u(l")e(x 0) = fi*xp.+¢, u(") (X, 0) = fox p, + & respectively

such that u(l")e and u("e converges umformly to u(]") and u(zq) respectively on

compact subsets of R" x x(0,1) as € —> 0.
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By a proof similar to the proof of (1.14), we have
/ (P, =20, 0000dx < [ (fix o= i p)udx + CoR1™" +2C,
Br(0) Rn

for all 6 € C§°(Bgr,(0)), Rp >2, R> Ry+1, 0 <t <1 where Cg, and
Cg, > 0 are constants depending only on Ry, 69| oo gy and [|#S2]| Lo () -
Letting R — 00, ¢ — 0, we get

[ @ —u)x, 06(dx < [ (fi - S
R Rn

for all 6 € C§°(Bg,(0)), Rp>2, 0<t< 1. Putting 6 = X(u@5,@y * Pe and
1 =72
letting first ¢ — 0 and then Ry — oo,

W — U, (x, dx < / (fi= f)edx VO<t<l.
Rn R
Similarly,
/ @ —uP)_(x, t)dx S/ (fi-fo)dx YO<t<].
Rn Rn

Combining the above two inequalities the theorem follows.

Lemma 1.5. If f € C}(R") and f, = f+¢, 0 < e < 1, then (1.1) has a
unique solution u? € C*(R" x (0, 1)) N C}(R"* x [0, 1)) in R" x (0, 1) with
uﬁq)(x, 0) = f;(x) such that u® converges uniformly on compact subsets of
R" x (0, 1) to the solution u'? of (1.6) with u9(x,0) = f(x) as ¢ — 0.
Moreover
4P oo rm) < M follLomny YE=1,2,..., 1.

Proof. By Theorem 1.4 and an argument similar to the proof of Theorem 1.3,
for any 0 < ¢ < 1 there exists a unique solution ug") € C®(R"x (0, ))n
CYR" x[0, 1)) to(1.1)in R* x (0, 1) with u{?(x, 0) = f(x)+¢ and
(1.16) e <UP < || fllzeo(rn + &
such that uf,q) converges uniformly on compact subsets of R” x (0, 1) to the
solution u(@ of (1.6) with u@(x, 0) = f(x) as ¢ = 0.

Since uﬁq) € C=(R" x (0, 1)) n CY(R" x [0, 1)), differentiating (1.1) with
respect to x; and writing z = uf,",)xk , we get

z, = Amu®™ ' 2) + WP 2y, (x,1)eR"x (0, 1),
z(x, 0) = fx.(x), X €R",
forall k=1,2,..., n. Since the above equation is nondegenerate by (1.16),
by the maximum principle,
"Z”Loo(Rn) < ”f;k"Loo(Rn) vk = 1, 2, A ()

and the lemma follows.

Lemma 1.6. Let 0 < f < M with supp f C Bg,(0) for some R, > 0. Then
there exists R’ > 0 depending only on m, R,, M and is independent of q >
m+ 1 such that

u(x,)=0 V¥x=(x1,...,X%)€R", x;<-R,0<t<1l,g>m+1,
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and

xi+R +1 )‘/"“ - <x,+R’+1)‘/""
[+ (1/M97) = t
Jorall x=(x;,...,x,) €ER", x; >—-R', 0<t<1l,g>m+1.
Proof. Let

) 1/m—
1 2 X )2
- _ - = R,t>0,
w(x, ) T 1)/ (a C ((t+t0)1/'"+1 . , XI€ER,t>0

be the Barenblatt solution for the porous medium equation w; = (w™)y,x, ([B],

2 (m+1)/2
[HP]) where C, = 21 ((mlﬂ)) , to = min (l , (2,,,_,#‘};,—_—,)

0<u@(x, 1)< (

and

a = (Ci(2Ry /tg/™*")? + (Mgy/™+hym-1)1/2,

Then w is a supersolution of (1.1) in (—oo, 0] x R*~! x (0, 1) with
UD(x +x0) = f(x +X0) <M < w(xi, 0)

forall x=(x,...,x,) € R", x; <0 where xo =(R;,0,...,0) and

1 2/m—1
’LU(O, t) > (IT)I/"H_I‘G

2 l/m—l
1 2R,
2 21/m+1 (C‘ (tl/m+l) )
0

1/m-1
S 1 4R2C,
= 21/m+1 4C1Rll'/(2l/m+lM)m—l

=M2>u(xp,1t)
forall 0 <t <1 by (1.8). Hence by applying the maximum principle (Corollary
1.2) to the functions u(9)(-+Xxg, -) and w in the region (—oo, 0]xR"*~1x(0, 1),
we get

UD(x+x0,8) Swlx,t) Vx=(x1,..., %) ER", x,<0,0<t<1.

Now for each 0 <t < 1, supp w(x, t) C Bg,(0) where

2a
Ri= —=(t+t)/™! < == (= Ry say).
me Cl/

Hence

UD(x +x0, 1) <w(x;, ) =0 Vx=(x1,...,Xs) €R",
xIS—RZ,OSt<1,

=>uD(x,)=0 V¥x=(x1,..., ) €ER", x;<-R,0<t<1,
g>m+1,
(1.17)

whe}'e R’ =max(R, — R;,0)>0.



SINGULAR LIMIT OF SOLUTIONS OF u, = Au™ — A+ V(u?/q) AS g — oo 1697

We next observe that
!
is a supersolution of (1.1) in [-R’, R3] x R*~! x (0, o) with
u@(x,0 <M< w(x;,0) forx=(x,...,%s) ER", —R' < x; <R3,
uD(x, ) <M <w(x;,t) forx=(x;,...,xn) €R",
x1=—-R orx;=R3,0<t<1,

for all R; > max(2M?-! — R’ +1,0) by (1.17). Hence by applying Corollary
1.2 to the function @ and w in the region [-R’, R3] x R"~!x (0, 1), we get

uD(x, 1) <W(xp,t)

forall x = (x;,...,Xxs) €E[-R', R3] xR* 1, 0<t<1l,g>m+1, Ry >
max(2M9-! — R’ 4+ 1, 0). By letting R; — oo, the lemma follows.

Lemma 1.7. Suppose f is as in Lemma 1.6. Let Q C R" be a bounded open
set with 9Q € C? and ne€ C®(R" x (0, 1)). Then

u(@e
/ /— ndxdt—0 asq— oo
T1

forany 0<t1,<15<1.
Proof. By Lemma 1.6, there exists a constant R’ > 0 such that

/
u(q)(x’ t) < <.|.'.x.l|i_'8__-’-_l

1/g—1
) , g>m+1,

1/g—-1
; ) Vx =(x1,..., X)) ER", 0<t<1,
g>m+1,

and by Theorem 1.3 ||u(@ ||~ < ||f|lz~ forall ¢ > m + 1. Hence

(9)q T2 (9)9—2,4,(9)2
/ /“— r;dxdt—/ /u——au—-ndxdt
T Q

2o Ix|+ R+ 1\ !
<lnlle=0fE [ [ —("'—) dxdt
tl Qq t

< Il /119 (BB ‘)"'2"'"(12 —7) =0
q T
as ¢ — oo where R” =sup{|xi|: x=(x1,...,Xn) € Q} <o0.
Lemma 18. Ler f € Co(R") and let p@(x,1) = [ -“—(i)iflﬁldt. Then
{PD}y>m+1 is uniformly bounded on compact subsets of R" x [0, 1). For any
sequence {p9}X,, g — oo as i = 00, of {pD}gsm+1, there exists a sub-
sequence {p\9)}32, of {p\¥}32,, a sequence of functions {p;}2, C LZ(R"),
g€ LR(R"), pj,& >0, and a sequence {¢;}%2, CR, & — 0 as j — oo, such
that
(1.18)
p9)(-, &;) = pj(-) weakly in (L®(K))* asi— o0, Vj=1,2,...,
pi(:) — g() weakly in (L*°(K))* as j — oo
for any compact subset K c R".
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Proof. By Theorem 1.3, [|uD||oogn) < || fllzoo(rey for all ¢ > m+ 1 and by
Lemma 1.6 there exists R’ > 0 such that
Ixi] + R + 1)'/(‘"”

=(X1,X2,...,.xn)€Rn,

Osu“’)(x,r)s( -

O<t<l,g>m+1.

Hence
t(2)a—24,(q)2
0<pD(x,t) = / M
0 q
< ”f"%,oo(Rn) /' (lel + R+ l)q—Z/q—l e
- q 0 B 4

q-1 o )
< T”fllioo(m)(lxll +R +1)7 2/q—141/g-1

< ||f“ioo(m)(|x1| +R +1)

forall x = (x;,x2,...,X:) €ER", 0<t<1, g>m+1. Thus {p@D}ssmn
is uniformly bounded on compact subsets of R"” x [0, 1). So any sequence
{(p9)}2, of {p@}ssms1 will have a subsequence {p@.)}®, such that
{p\a.0(-, 1/2)}2, converges weakly in (L>(K))* for any compact subset K C
R™.

Let p;(+) = lim; o p9.9)(-, 1/2). Then {p@.)(-, 1/2)} has a subsequence
{p9.)(-, 1/2)} such that p("l d(x,1/2) = pi(x) ae. x € R* as i — oo.
Without loss of generality we may assume p@.)(x, 1/2) — p;(x) a.e. x € R"
as i — oo. We may also assume that ¢; < q;,;. Since {p(@.9(-, 1/3)}, is
uniformly bounded on compact subsets of R*, {p@.)(-, 1/ 3)}2, has a subse-
quence {p%.)(-, 1/3)}, converging weakly in (L°°(K)) for any compact set
K c R*. Let py(+) = lim; o p@.)(-, 1/3). We may assume without loss of
generality that p(©2.)(x, 1/3) — py(x) ae. x€R" as i » oo and ¢1,1 < q2,1 -

Repeating the argument, for each j =2, 3, ..., we can find a subsequence
{p@(x, 1/Gi+ D)}, of {p@-0(x, 1/(j+ 1)}, with g;,1 >gj_1,1 and
a function p; € L2 (R") such that p@.)(x, 1/(j + 1)) — p;(x) weakly in
(L°°(K))* for every compact set K C R" as i — oo and p%.)(x, 1/(j+1)) —
pj(x) ae. X€E€R" as i — o0.

Let ¢/ = g; ;. Then foreach j=1,2;..., {p@)(-, 1/(j+ 1))}, is a sub-
sequence of {p@.)(x, 1/(j+1))}%, . Hence p“9)(x, 1/(j+1)) — pj(x) weakly
in (L*(K))* for every compactset K C R" as i — oo and p“@)(x, 1/(j+1)) —
pj(x) ae. x € R" as i — co. Thus {p;}®, is also uniformly bounded on
every compact subset of R". So there exists a subsequence {p;, }72, of {p;}32,
and a function g € L2 (R") such that p; — g weakly in (L*(K))* for any
compact subset K C R". Letting & = 1/(jx + 1), the lemma follows.

2

In this section we will first establish some technical lemmas and prove the
main theorem (Theorem 2.10) under the assumption that f € Cj(R") (The-
orem 2.9) The main theorem will then follow by an approximation argument.
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Theorem 2.1. Suppose f € Co(R"). For any sequence {u9)}2 , g; — oo as
i — 00, of {uD}ysmy1, there exists a subsequence {u9)}2, of {u9)}2, and
a u®) e C(R"x (0, 1)), 0 < u®) <1, such that u%) — u(>) yniformly on
compact subsets Rx (0, 1) as i — oo. Moreover u'™ satisfies (0. 2) with initial
trace g € L'(R"), 0 < g < 1, satisfying (0.3) for some function g € L2 (R"),
£20.
Proof. The proof is a modification of the proof of Theorem 4 of [H1]. We first
observe that u@ is uniformly bounded by ||f]|L~ by Theorem 1.3 and there
exists R’ > 0 such that
(2.1)
i ’ 1/g-1
0<uD(x, 1) < (MJ’—I) Vx = (xi, x') € R",
O<t<l,g>m+1,

by Lemma 1.6. If y(s) = s9/™/q, then y(u(@™) = u(qla and
y/(u(Q)m(x, 1) = %(u(Q)(x, 1))a—m

< l<|x1| +R + l)""”/q“
- m t

I
5%(“‘”#) Vx=(x,x)eER",0<t<1l,g>m+1,
by (2.1). Hence both u@™ and y'(4(@™) are uniformly bounded on compact
subsets of R"x (0, 1) for ¢ > m+1. By the result of P. Sacks [S1], {#@}%2, .,
is uniformly Holder continuous on every compact subset of R" x (0, 1). Hence
{ul@)}, has a convergent subsequence {4}, such that {u(4)}2, con-
verges uniformly on every compact subset of R" x (0, 1). Without loss of gen-
erality we may assume that {u(@)}, converges uniformly on every compact
subset of R” x (0, 1). Let () = lim;_,, @) . Then u(>) € C(R" x (0, 1)).
Putting ¢ = ¢; and letting i — oo in (2.1), we get 0 < u(™) < 1. Putting
h(u) = u%/q;, u=u) in (0.5) and letting i — co we see that, by Lemma 1.6,
u(>) satisfies

(2.2) / /[ ”‘An+u—]dxdt—/ / m ﬂdads+/undx
aQ Q T

for all bounded open sets Q ¢ R* with 0Q € C?, 0 <1, <1< 1, ne
Ce(Q x [11,12]), =0 on 9Q x [1;, 12]. Hence u(™) is a solution of the
equation #, = Au™ in R" x (0, 1). Since ||u(®)||ro < ||fllz~, (> has an
initial trace du by [DK] and du is absolutely continuous with respect to the
Lebesgue measure. Hence du = g(x)dx for some function g > 0. Since
0<ul>™ <1 and

(2.3) lim u®(x,t)=g(x) ae x€R"

T2

by the result of [DFK], 0 < g < 1. Since
/ u) (x, t)dx=/ f(x)dx, V0<t<l,i=1,2,...
n Rll
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Letting i — oo, we get by Fatou’s lemma,

/ u®)(x, t)dx < / f(x)dx, YO<t<l.
n R’l
Letting ¢t — 0, we get by Fatou’s lemma and (2.3),

/R g(x)dx < /R f(x)dx.

Hence g € L!(R"). Let p@ be as in Lemma 1.8 and Q be a bounded open
subset of R" w1th dQ € C?. Then by Lemma 1.8 there exists a constant C; > 0
such that ||p@|| Lo@x,1) < C, forall ¢ > m+ 1 and there exists a subse-

quence {p@}®, of {p@)}® , a sequence of functions {p;}%2, C L2 (R"),
geLx(R"), pj,g >0, and a sequence {e,-}5°=1 CR, e —0as j— oo,such
that (1.18) holds. Hence for any 0 <7, <1, n € C§°(R"),

(¢/)a] T2 4,(q))4]
U r]x,dxdt—/ 8Ny, dx| < d

l
[F] I

&€ (i)i
/ (/ w—(,x—r)dr)nx,(x)dx / &N, dx
Q q;
u(q.)Q,
< el zoe / /

+ ‘/ﬂp(‘h (x, ej)ﬂxl(x)dx‘/pr(x)”x'(x)dx’

T

+

+| [ oo )dx = [ Foma (o)ds
Letting first i — co and then j — oo, we get by Lemma 1.7 and Lemma 1.8,

. T2 u(qi')q,{ -
hmsup/ /—,r]x,dxd‘t—/gnxldx =
i—noo [Jo Ja 4; Q
. I CATH -
(2.4) = 11m/ /—,r]x,dxd‘r:/ gNx,dx.
im0 Jo Jo 4; Q

Putting h(u) = u% /q), u= "9, in (0.5) and letting 7, — 0, we have

2 , 2 ulaha;
/ / u9mAndxdt + / / —— 1y, dxdt
0 n 0 n g

= / W (x| T)n(x)dx — / fndx
Rn Rn

forall n € C§°(R"), 0 <73 < 1. Letting i — oo, we get by (2.4) and Lebesgue
dominated convergence theorem,

/12 /,. umAndxdt + /" gnx,dxdt = /" u®)(x, Ta)n(x)dx — /” fndx
foroall n € Cg°(R"). Lettin; 7,—-0, ) )
/?nx.dx = /gndx - /fndx vn € C&°(R")
=>g+8,=f inZ'(R").
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This completes the proof of Theorem 2.1.

We will now let

1
S ={x € R":lim —— x) — g(x dx=0},
(&) 0 O B0 o, |g(x) — &(xo)l

Lemma 2.2. Let f, u(®), u4), g be as in Theorem 2.1 and let S* = S(g)N
Gu™,g)n{g < 1}. If xo € S* is such that g(xo) < 6 < 1, then for any
0,€(0,1) and 6 > 0, there exists g >m+1, ¢ >0, 0< ¢ < 1/2, such
that

inf u@(x,1) <6, VO<t<eg,q > qo.
[x—xo] <5

Proof. The proof is similar to the proof of Theorem 3.3 of [CF]. Suppose the

lemma is not true. Then there exists 6, € (6,1), 6 > 0, and {&}2,, 0 <
e<1/2,i=1,2,..., & —0 as i — co and a subsequence {u@"}2 of
{u@)}, such that
inf 4@ (x,¢e)> 0.
LR (x,&)> 6,

Let %@") be the solution of (1.1) in R"x (0, 1) with initial value #%")(x, 0) =
01XB,(x,, Where xg,x, is the characteristic function of the set Bs(xo). By
Theorem 1.1,

29 (x, 1) <u)(x,t+¢e) VxeR",0<t<1/2
- / / 29 (x | Byn(x, Hdxdt < / / W) (x| £+ en(x, Hdxdt

@25 = / / W (x| tyn(x, ¢ — e;)dxdt

for all n € Cg°(R" x (0, 1/2)) and ¢; sufficiently small. By Theorem 2.1,
{uai '>};>g, has a convergent subsequence converging uniformly on compact sub-
sets of R" x (0, 1). Without loss of generality, we may assume that {#(%)}%,
converges uniformly on compact subsets of R" x (0,1). Let u()
= lim;_oo %) . Since 0 < u@) < @, < 1, letting i — oo in (2.5), we get

by Lebesgue dominated convergence theorem

Jf a0, onix, vaxde < [[ure, onie, oaxds
vn € Cg°(R" x (0, 1/2))
= u®)(x, ) <u>®(x,t) VxeR",0<t<1/2

since (>, #(*) € C(R" x (0, 1/2))

N / 7 (x, f)n(x)dx < / W) (x, Hn(x)dx Ve CP(R")
Rn Rn
= /Rn 012B;(xo)(X)dx < /R g(x)n(x)dx ast—0 VneC(R")

= 0 < 61 < g(xo)
since xp € S(g). Thus contradiction arise and the lemma follows.
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Lemma 2.3. Suppose f € C}(R"). Let u™, u%), g be as in Theorem 2.1
and let S* be as in Lemma 2.2. If xq € S* is such that g(xp) < 0 < 1, then
Jorany 0, € (6, 1), there exists g > m+ 1, & € (0, 1/2) depending only on
6, 6, and || fx Loy, k=1,2, ..., n, such that

u)(x, 1) <8, VxeBs(x),0<t<e,q >do,

where § = (61 — 0)/4(vnmax <x<p || fr lLorn + 1)
Proof. The proof is similar to the proof of Theorem 2.4 of [H2]. Let

0= (6, - 9)/4(\/’7122(” | feell oo (m) + 1).

Then by Lemma 2.2, there exists go >m+1, ¢ >0, 0<¢g < 1/2, such that
6,+86
2

inf u9)(x, 1)<

inf | YO <t<é&,q;> 4o
—A0IS

Hence for each g; > qo and 0 <t < g9, there exists an x; € Bs(xp) such that

o, <

V0 < t < g.
Forany 0 < e < 1,let f; = f+¢ and let ¥ be the solution of (1.1) in
R*x (0, 1) with u{?(x, 0) = f;(x) given by Lemma 1.5. Then by Lemma 1.5,

1 (x, 1) — 4l (x,, 1)

Yd @
= ’/0 d—sue (sx+ (1 =9)x;, t)ds

1
< / VU (s + (1= $)xc, 1) - (x — x,)|ds
0
< (e <] n -
< \/ﬁl?kasxn | fx Nl Loo (Rmy | X — X
< [e <] n < -
< 25\/3121,3; I S llLoo(rny < (61 — 6)/2

= u®(x, ) < Ul Gxr, £) + (61— 0)/2 < (61 +6)/2+ (61 — 6)/2 < 6
for all x € Bs(xo), 0 <t < &, g/ > go. Since uf,q'{ ) - ) uniformly on
compact subsets of R" x (0, 1) as ¢ — 0 by Lemma 1.5, letting ¢ — 0 we get

u)(x, 1) <0, VxeBs(xp),0<t<eo,q. > do.

Lemma 2.4. Suppose f € C}(R"). Let g, g be as in Theorem 2.1 and let S*
be as in Lemma 2.2. Then
{ g(x) = f(x),

g(x)=0
Jorall x e S*NS(g).
Proof. Let u(>), u@) be as in Theorem 2.1. By Theorem 2.1 we may assume
without loss of generality that u@) converges uniformly to u(°) on compact
subsets of R" x (0, 1) as i — co. We also let p@), p@), p;, ¢ be as in
Lemma 1.8. Suppose xo € S* N S(g). Then there exists 6, 6; > 0 such that
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g(xp) <0 <6; <1. By Lemma 2.3, there exists g >m+1, d >0, ¢ >0,
0 < ¢y < 1/2 such that

u9)(x, 1)< 0, VxeBs(x),0<t<é&o,q > qo.
Hence

/1;': ul®(x , tyn(x)dx — /Rn f(x)r](x)dxl

mears
g

Nx Jdxdt

t
/ [u4)m AR +
0 JR»

!

8¢
< 07 1An|| L1 (reyt + q_l{"’bn”Ll(R")t Vg; > g0, 0< t < &, n € C5°(Bs(xo)).
1]

Letting i — oo,
[ wex omeiax - [ fmerax]

%
< 07 NAn|| Ly eyt + q_l/"”Xl lLirmt V4i>qo0,0 <t <&, ne C5°(Bs(xo))-
i

- Letting t — 0,
[ anax= [ ndx vne C(Bsxn) = gxa) = S

since xp € S(g). Similarly

/ P (x, &/)dx
Bs(xo)
¢ @) 6%
=/ / u—,d‘tdxs_lTlBa(xO)lal_-)oaSI_’o Vj=1,2,o--
Bs(xp)Jo  4; i

= pi(x)dx =0 by Fatou’s lemma since p; > 0
Bjs(xo)

= g(x)dx=0 by Fatou’s lemma since g > 0
B;(xo)

= g = 0 on Bj(xo)

= g(xo) = 0 since xp € S(g).

Lemma 2.5. Suppose f € CL{(R") and let g, g be as in Theorem 2.1. Then

there exists r' > 0 such that
g(x) = f(x),

2.6 { -

2.6) #(x)=0

ae. x € R"\ B.(0)

Proof. Let u‘™ , u9) be as in Theorem 2.1, S* be as in Lemma 2.2 and let

S =8S(g)NSENGu>,g). S,=Sg)NGu>,g). Forany 0<6<1,

r>0,let 49 ,={x € R"\B,(0): g(x)>0}. Wenow fix 6, 6, € (0, 1) such

that € < 6, . Choose a constant 6’ > 0 such that § < 8’ < 6, and let

0 = min((6' — 0)/4(vn max | fx,|lL=rm + 1), 1).
1<k<n
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Since g € L'(R"),

gdx —-0asr—0.
|x|>r

Thus there exists g > 0 such that

1
[ gdx <0850
|x]>ro
1
(2.7) = 04y, r,| < 561B5(0)|

1
= |Ag | < §|B¢s(0)|-

Let ¥ =rp+ 1. Since |R"\ S| = 0 by the result of [DFK] and Chapter 1
of [S], (2.6) holds for a.e. x € 45 ,, by Lemma 2.4. Hence in order to prove
the lemma, it suffices to show that (2 6) holds for ae. x € 49 » NS;. Let
VoEAg »NS. If |Bs(»0) ﬂAa r’l =0, then

8(z) > 6 a.e. z € Bs(yo) = |4g,r,| > |Bs(¥0)|

since Bs(yo) C R"\ By,(0). This contradicts (2.7). Thus |Bs(yo) N 45 .| #0.
Since |(Bs(yo) N 45 )\ (Bs(yo) N 45 . NS2)| = 0, Bs(yo) N4y ., NS, # &
and there exists xo € Bs(yo) N 4§ 6.n N S € §*. By Lemma 2.3, there exists
g>m+1 and ¢y >0, 0< ¢y <1/2, such that
u9)(x, 1) < 8" Vx € Bs(x), 0< t<eo, gl > go.
Letting i — oo,
U™ (x,t) <0 VxeBs(x),0<t<e

- / u®) (x| H)n(x)dx < ' / ndx Vn € Co(Bs(xo))
R R

= | gndx< 6'/ ndx Yn € Co(Bs(xo)) ast—0
Rn Rn

= g(n) <0 <1
since yo € S(g) N Bs(xo). Hence yo € $* NS(g). Thus (2.6) holds for x = yy
by Lemma 2.4 and the lemma follows.
Corollary 2.6. Suppose f € Cj(R") and g is as in Theorem 2.1. Then g €
LY(R™).
Proof. The lemma follows directly from Lemma 2.5 and the fact that g €
L5 (R").
Lemma 2.7. Forany 0< fi, f2, &1, 8, 8,8 €L'(R"), 0< g, & <1, &,
& 2>0,if

(2.8) g&+(&)x=fi inD'(R")
and
(2.9) gi(x) = fi(x), &i(x)=0 whenever gi(x) < 1 a.e. x € R"

for i=1,2, then
/I <R /R . 181 — &|(x1, x")dx'dx) < 2R'||fi = fallLygmy VR’ > 0.
xl ! n—
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Proof. We will use a modification of an argument of [SX]. By (2.8),
(&1-&)+& -&)x=A-f nZD'(R"
(210) = /I;"[(gl - gZ)" - (gl - gZ)"xn]dx

= [ (i fomdx v e C(Rn).

Putting n(x) = p.(£ — x) in (2.10), we get

(2.11)

(81,6 — 82,6)6,(8) = (f1,6 = f2,6)(&) — (81,6 — 82,e)(&) V& =(&1, ..., &) ER"
Forany k = 1,2,..., we let pi(-) € C°(R), 0 < pr < 1, be such that
pe(x) =1 for x > 1/k, pi(x) =0 for x < 1/2k and ||px x|z~ < 5k. Then
forall z;, y; €R,

/Rn_l(gl,e - §2,e)(zl , x,)pk(gl,e - gZ,e)(zl s x,)dx,

- [ Eem B0 PeEre B0, X

Z) a _ _ ~ ~
=/ / _[(gl’e_gz’e)(xl’x,)pk(gl,e_gZ,a)(xl,x')]dxldx’
Rn—1 n ax1
Zy a _ _ B _
= /"_I /y, [(a—xl(gl,e - g2,e))17k(gl,e - gZ,e)

- - - - .8 - 5
+ (81,6 — 82,e)P1(81,6 — gZ,e)axl (81,6 — g2,e)] dxdx’'

(2.12) = A _I(§1,e —8.:)(z1, X )\Pk(81,6 — 82,¢)(21, X')dX'

Z)
[ e g0 e - B, ¥)dnds
"=l

B /R —l(gl"z — &2,6)W1, X )Pi(81,e — 82,6) 1, X)dX

+ /Rn-l /.zl (fi,e = f2,e) (X1, x,)Pk(gl,e - §2,e)(xl , Xx"dxdx'

N

2
+/‘ (gl,e—gZ,e)pl/c(gl,e_gZ,e)
Rn—l Y

[(fi,e— fo,e) — (81,6 — 82,0)1(x1, X' )dx1dx’
by (2.11). Since g;, g2 € L'(R"),

J 1B Bl (e~ Bl < [ (& o+ Bx <o
Hence there exists a sequence {y{ X1CR, y{ — —o0 as j — oo such that

/R _l(§1,e — 8.0, X)i(B1,e — &2,6) 1, X' )dx' = 0 as j — 0.
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Putting y; = y/ in (2.12) and letting j — oo, we get

/Rn_l(gl,e = &,:)(z1, X')Pi(81,: — &2,¢)(21, X')dx'
[ e g0t @ - B, X )dxdx

= /R / (81,0 = &,00Pk(81,c — 82,0)
A(f1,e = fo,e) — (81,2 — 82,6)1(x1, X' )dx1d X’
213) o+ /R [ G B OnE - B, ) dnds.

Since g, g € L'(R"),

J

[ @ B0 G~ B0z, X
- [ (@ - B XmuE - Bz, X)) dz
< [ 1@~ B~ B - Bkl e~ B,
+ [ @B eBre— ) - pilE - Bl
< [ G- Bldx+ [ 18- Bldx
R’l Rll
[ @+ B e - ) - i@ - Bl

-0 ase—0

by the Lebesgue dominated convergence theorem and Theorem 2 in Chapter 3
of [S]. Hence there exists a sequence {31}}'21 CR, e —0as j— oo, such
that

/];"_l(gl,ej - §2,ej)(zl ) x,)pk(gl,ej - §2,B,')(zl s x,)dxl

- Rn_l(gl - &)(z1, X' )k (81 — &) (21, X")dX'
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a.e. zy € R as j — co. On the other hand,

[ [ @i 2o
< [(81,e — &.,e) = (N1,e = f2,6)1(x1, X" )dx1d X’

- [ [ @ - mni - B - ) - (- DIk, X
< [ 1@ e B Pk e~ B0~ £2.0) — (o1 - £l

+ [ 1@ B piEre = B (e~ o) = (i = ol

+ [ 1@ B Ph(Bi — Br.e) — (B~ BIA(E — Bl — 2ol

+ [ 1(@1e = B 0Pk(Er - Bo.e) — (& — BIk(E - BIIfi ~ fldx
<5 [ (g1,c— &1l + 182 &+ Ufe = fil+1fo.c = i

+ /R Broo = B.)PL(F1.0 — Br.c) — (31 — E)PL(E — Bl

(&1 + &+ N+ fHdx
-0 ase— 0

by the Lebesgue dominated convergence theorem since the integrand of the last
integral above is bounded by 5(g1 + & + fi + f2) € L!(R") and tends to 0 as
k — oco. Similarly

21
‘ /R 1 / (81,e — 82,6) (X1, X')Pi(81,6 — &2,¢) (%1, X')dx1dx'
"= —00

- /,,_, / (81— &)(x1, X)p(81 — &) (x1, X )dxidx"  ase—0

and

2
[ = At e = B0, Xdxd

= [ [ - B 2@ - B, dxdx ase 0.
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Putting &€ = ¢; in (2.13) and letting j — oo, we get
(2.14)

_I(§1 - &)(z1, X")ok(81 — 82)(z1, x")dx'

Rn

[ @ @ me(@ - Bk, 3
= [ [ G- B - I - 5) - (- e, ¥)dxidx’
[ - Bk me(E - Bk 3
511+/n(f1—f2)+dx ae. 2z €R
Since p;(s) = ORfor s <1/2k or s > 1/k, I, is bounded by
[ 1@ - B a1+ &2+ fi+ ) a1, )
< [ 3eske @+t fit A 1 )dx

<5 /R (81+ 82+ fi + L)) - A, (x)dx
-0 as k — oo

by the Lebesgue dominated convergence theorem since g, , &, fi, /» € L'(R")
and

(&1 + &+ fi+ f2)(x)x4(x) >0 ask — ccae x€R"
where A, = {x € R" : 1/2k < (g — &)(x) < 1/k}. Hence by letting k — oo
in (2.14), we get

/R (&= &)+(z1, X')(z1, x)dx’
+A . / (&1 — &)(x1, xl)Sign+(§l - §2)(xl s x')dxldx’

< [ (- fidx
a.e. z; € R. Since (g — & )(x)sign, (g1(x) — g2(x)) >0 a.e. x € R" by (2.9),

/ (&1 - B) (21, X') (21, X)X’ < / (fi - fi)sdx  ae. z; €R
Rn—1 Rn

=>/ / (81— 82)+(x1, x")dx'dx, < 2R’/ (fi — fo)+dx VR >0.

Jx;|<R" JRr—! Rn

Similarly
[ [ @-8-n,xdxdx <28 [ (fi-f)-dx VR >o0.

|x1|<R' JRr-!} R®
Thus
/ / |81 — &|(x1, x')(x1, x)dx'dx; < 2R’/ |fi = faldx VR >0.

|xi|<R' JRA-} R®
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Corollary 2.8. Let 0 < f € L'(R"). Then there exists at most one function g,
g€ LY(R"), 0< g <1, and one function g € L'(R"), g >0 satisfying
{f,'*-(fg)xl =f inD'(R"),

gx)=f(x), g(x)=0 whenever g(x) < 1 a.e. x € R".

As a consequence of Theorem 2.1, Lemmas 2.4, 2.5, Corollary 2.8 and the
uniqueness theorem (Theorem 6.13) of [DK], we have

(2.15)

Theorem 2.9. Suppose f € CL(R"). Then there exists a unique function u(> €
C(R" x (0, 1)), 0 <ul*®) <1, such that u® converges uniformly to u(>®) on
compact subsets of R" x (0, 1) as g — oco. Moreover u(™) satisfies (0.2) with
initial value g € L'(R"), 0< g <1, |Iglliirny < IS lLr(rey » Satisfying (2.15)
and (2.6) for some function g € L'(R"), & > 0.
We are now ready to state and prove the main theorem.

Theorem 2.10. For any m > 1 fixed, there exists a unique function u(®) €
C(R" x (0, 1)), 0 < ul*® < 1 such that u'9 converges weakly to u>®) in
(L*°(G))* for any compact subset G of R" x (0,1) as q — oo. Moreover
u(®) satisfies (0.2) with initial value g € L'(R"), 0 < g < 1, satisfying (2.15)
for some function g € L. _(R"), g > 0. The convergence is uniform on every
compact subsets of R" x (0, 1) if f € Co(R").

Proof. Since f € L*(R")n L!(R"), we can choose a sequence { fi¥2,

Co(R") such that || fjl| Loe(rr) < [ lLoorry + 1 I filr Ry < Nfllzrcrny + 1 for all
Jj=1,2,... and |If; = fllpygmy = 0 as j — 0.

Forall j=1,2,...,let 4% be the solution of (1.1) in R" x (0, 1) with
initial value ug.")(x, 0) = fj(x). By Theorem 2.9, for each j =1, 2, ..., there
exists an unique function u§.°°) such that uﬁ.") converges uniformly on compact
subsets of R” x (0, 1) to u§.°°) as g — oo. Moreover u§.°°) satisfies (0.2) with
initial value g; € L'(R"), 0< g; < 1, satisfying

/ng/ij fdx+1,
n R® R®

(2.16) g+ &)y =f in2D'(R") for some g; € L'(R"), g; >0,
gj(x) = f(x), gi(x) =0 whenever gj(x) <1ae. x€R"
forall j=1,2,.... Since ||u@||Le(rn) < ||fl|lLo(rm) , any sequence {u(@}2 |

gi = o0 as i — oo, of {u@},,; has a subsequence {u()} such that
{u'% )}¢°, converges weakly in (L*°(G))* for any compact subset G of R" x
(0, 1) as i > oo. Let u(® =1lim,_,o, (@) . Without loss of generality we may
assume that u(@)(x,t) —» u™(x,t) ae. (x,t) € R*x(0,1) as i — co. By
Theorem 1.4,

/ |u5."f’-u<qf>|(x,z)dx5/ i - flxdx Vi, i=1,2,...
Rn Rn
T2 . ,
=>/ / |u5.q") —ul@)|(x, t)dxdt
T Rn

S(tz—‘rl)/ f; - fl(x)dx Y0<t <ti<1.
Rn
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Letting i — oo, we get by Fatou’s lemma,

T
/ Z/ ) — ) (x, 1)dxdt < (1 - 11)/ i — fl(x)dx — 0 as j — oo
T Rn Rn

forall 0<71<1,<1.

Hence u(*) is the limit of the functions {u§.°°)};'§1 in LL (R" x (0, 1)) as
j — oco. Thus (> is unique and u(@ converges weakly to u(>®) in (L>(G))*
for any compact subset G of R"” x (0, 1) as g — oo. This together with
Theorem 2.1 implies that u(@) converges uniformly to #(>) on every compact
subsets of R" x (0, 1) as g — oo if f € Co(R").

Moreover {u§.°°)}§‘;l has a subsequence converging a.e. (x,?) € R" x (0, 1)
to u(>) . Without loss of generality we may assume that u§.°°)(x , 1) = ul>®)(x, 1)
ae (x,1)eR"x(0,1) as j— o0.

On the other hand since u§.°°) satisfies (0.2) and

P, O < 1 flmmn < W= +1 ¥(x, 1) € R* x (0, 1),
(2.17) ij=1,2,...,
= 1685l om0, 1) < Iflzoogny +1 ¥i=1,2,....
as ¢ — oo by Theorem 1.3, by the result of [S1] {u§.°°)};°‘=’l has a subsequence
{u{™} | converging uniformly on compact subsets of R" x (0, 1). Hence we

may assume without loss of generality that {uﬁm)}ﬁ, converges uniformly on

compact subsets of R” x (0, 1) to u(>) . Thus u(>) € C(R" x (0, 1)).
Putting A(u) =0, u = u§.°°) in (0.5) and letting j — oo, we see that u(>
satisfies (0.2). By (2.17) and the result of [DK], u(° has an initial trace du

and du is absolutely continuous with respect to the Lebesgue measure. Hence
du = g(x)dx for some g >0, g€ L'(R"). By (2.16) and Lemma 2.7,

/I <R /R . |8 — &jr|(x1, xYdx'dx, < 2R'||f; = firllLygny = O
X1|1< ! n—
asj,j — oo VR >0.

Hence {g;}52, is a Cauchy sequence in L} (R") and there exists g € L}, (R")
such that g; — g in L] (R") as j — oo. Without loss of generality we may
assume that gj(x) — g(x) a.e. x € R". By the proof of Theorem 2.1, u§.°°)
satisfies, for all n € C°(R"), 0< 12 <1,

T2
/ / u§.°°)"’Andxdr+/ ernx,dx:/ u5.°°)(x, t)n(x)dx—/ findx
0 n Rn Rn Rn
T
=>/2/ u(°°)’"A17dxd‘t+/ gy, dx
0 n Rn
=/ u(“)(x,t)n(x)dx—/ fndx asj— oo
Rn Rn

=>/ &ixdx = / g(x)fr(X)dx—/ fndx ast; -0
Rn Rn Rn
=>g+8,=/f inZ'(R").
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Thus
\ [ie- gj)r/dX‘ - { [@-gmax+ [r- mndx\
< Iy, ||L°°(Rn)/ / g — &l(x1, x")dx'dx,
[xi|<R' J Rn—!

il [ 1 = fldx
-0

as j — oo forall n € C§°(R") such that supp n C Bg:(0) for some R > 0.
Hence g; converges weakly to g in Z'(R") as j — oo. We may assume
without loss of generality that g;(x) — g(x) and g;(x) — g(x) a.e. x € R".
Let

E={xeR":gj(x)— g(x)and g; — g(x) as j — oo},

Eo=En{g<1}n (ﬂ(S(gn NS(Z) NG, g;))).
j=1

For any x € Ey, since g;j(xo) — g(xo0) as j — oo, there exists jo € Z* such
that g;(x0) <1 Vj > Jjo. So g(xp) = f(xo) and g(xo) =0 for all j > jo by
Lemma 2.4. Letting j — oo, we have g(xo) = f(xo) and g(xo) = 0. Since
{g < 1}\ Eo| =0, g(x0) = f(xo) and g(xo) =0 a.e. xp € {g < 1} and the
theorem follows. :

REFERENCES

[A] J. R. Anderson, Local existence and uniqueness of solutions of degenerate parabolic equations,
Comm. Partial Differential Equations 16 (1991), 105-143.

[Ar] D. G. Aronson, The porous medium equation, CIME lectures in Some Problems in Nonlinear
Diffusion, Lecture Notes in Math., vol. 1224, Springer-Verlag, New York, 1986.

[B] G. L. Barenblatt, On self-similar motions of compressible fluid in porous media, Prikl. Mat.
Mech. 16 (1952), 679-698. (Russian)

[BBH] P. Bénilan, L. Boccardo and M. Herrero, On the limit of solutions of u: = Au™ as m — oo,
Some Topics in Nonlinear PDE’s, Proceedings Int. Conf. Torino 1989, M.Bertsch et al., ed.

[CF] L. A. Caffarelli and A. Friedman, Asymptotic behaviour of solutions of w, = Au™ as
m — oo, Indiana Univ. Math. J. 36 (1987), 711-728.

[DFK] B. E. J. Dahlberg, E. B. Fabes and C. Kenig, A Fatou theorem for solutions of the porous
medium equation, Proc. Amer. Math. Soc. 91 (1984), 205-212. )

[DK] B. E.J. Dahlberg and C. Kenig, Nonnegative solutions of generalized porous medium equa-
tions, Rev. Mat. Iberoamericana 2 (1986), 267-305.

[DiK] J. L. Diaz and R. Kersner, On a nonlinear degenerate parabolic equation in infiltration or
evaporation through a porous medium, J. Differential Equations 69 (1987), 368-403.

[EZ] M. Escobedo and E. Zuazua, Large time behaviour for solutions of a convection diffusion
equation in 'R" | J. Funct. Anal. 102 (1991), 119-161.

[ERV] J. R. Esteban, A. Rodriguez and J. L. Vazquez, 4 nonlinear heat equation with singular
diffusivity, Comm. Partial Differential Equations 13 (1988), 985-1039.

[G1] B. H. Gilding, Properties of solutions of an equation in the theory of infiltration, Arch. Ra-
tional Mech. Anal. 65 (1977), 203-225.

[G2] ., A nonlinear degenerate parabolic problem, Ann. Scuola Norm. Sup. Pisa 4 (1977),
393-432.



1712
[HP]
[H1]
[H2]
[Ke]
[LSU]
[PV]
[P]
[S1]
(S2]
[SX]
(]

[X]

K. M. HUI

M. A. Herrero amd M. Pierre, The Cauchy problem for u; = Au™ when 0 < m < 1, Trans.
Amer. Math. Soc. 291(1) (1985), 145-158.

K. M. Hui, Asymptotic behaviour of solutions of u: = Au™ — uP as p — oo, Nonlinear
Anal., TMA 21 (1993), 191-195.

K. M. Hui, Singular limit of solutions of the generalized p-Laplacian equation, Nonlinear
Anal., TMA (to appear).

R. Kersner, Degenerate parabolic equations with general nonlinearities, Nonlinear Anal.,
TMA 4 (1980), 1043-1062.

O. A. Ladyzenskaya, V. A. Solonnikov and N. N. Uraltceva, Linear and quasilinear equations
of parabolic type, Transl. Math. Monos., Vol. 23, Amer. Math. Soc., Providence, RI, 1968.
A. De Pablo and J. L. Vazquez, Travelling waves and finite propagation in a reaction-
diffusion equation, J. Differential Equations 93 (1991), 19-61.

L. A. Peletier, The porous medium equation, Applications of Nonlinear Analysis in the
Physical Sciences, (H. Amann, N. Bazley, and K. Kirchgassner, eds.), Pitman, Boston, 1981.
P. E. Sacks, Continuity of solutions of a singular parabolic equation, Nonlinear Anal.,, TMA
7 (1983), 387-409.

P. E. Sacks, 4 singular limit problem for the porous medium equation, J. Math. Anal. Appl.
(1989), 456-466.

R. E. Showalter and X. Xu, An approximate scalar conservation law from dynamics of gas
absorption, J. Differential Equations 83 (1990), 145-165.

E. M. Stein, Singular integral and differentiability properties of functions, Princeton Univ.
Press, Princeton, NJ, 1971.

X. Xu, Asymptotics behaviour of solutions of hyperbolic conservation laws u;+ (u™)x =0 as
m — oo with inconsistent values, Proc. Royal Soc. Edinburgh 113A (1989), 61-71.

INSTITUTE OF MATHEMATICS, ACADEMIA SINICA, NANKANG, TAIPEL, 11529, TAIWAN, R. O. C.
E-mail address: makmhuiQccvax.sinica.edu.tw



